Ma 227 Homework 4 Solutions Fall 2009
Due 9/24/2009

9.5 - pg. 542 - #20,21, 32, 33

20. Find a fundamental matrix for

5 4
A =
-1 0
We first calculate the eigenvalues and eigenvectors.

5-r 4

=r2-5r+4=(r-4)(r-1)
-1 —r

Thus the eigenvalues of Aare r = 1,4.
The system of equations (A—rl)X =0 is

G-rx1+4x2 =0

—X1—IX2 =0
Putting r = 1 yields x; = —X» so the corresponding eigenvector is
1
-1

Putting r = 4 yields x; = —4x, so the corresponding eigenvector is

431

A fundamental matrix for this system is
et 4e#

21. Find a fundamental matrix for

Hence the two LI solutions are



0 1 O
A= 0 0 1

8 -14 7
We first calculate the eigenvalues and eigenvectors.
-r 1 0
0 -r 1 =—r3+7r2-14r +8
8 -14 7-r

Thus p(r) = r® —7r? + 14r — 8. Note that p(1) = p(2) = p(4) = 0. Hence

p(r)=rd—7r2+14r-8 = (r-1)(r-2)(r - 4)
and the eigenvalues arer = 1,2,4.

The system (A—rl)X =0s
—IX1+X2+0x3 =0
OX1—rX2+x3 =0
81— 14X+ (7—r)x3 =0
r = 1yields
—X1+X2=0
-X2+x3=0
8X1 —14x, —6x3 =0
Thus x1 = X2 = X5 and the corresponding eigenvector is

1
1
1
Forr = 2 we get
—-2X1+X2 =0
- 2X2+X%X3=0

8X1 —14x2 +5x3 =0
Thus x2 = 2x1 and x3 = 2x, = 4x; and the corresponding eigenvector is
1
2
4

For r = 4 the system becomes



—4X1 +X2+0x3 =0
OX1 —4X2+X3 =0
8X1 —14x2 +3x3 =0
Thus 4x; = X2 and X3 = 4x,. Letting x; = 1 we have the eigenvector
1
4
16

Thus a fundamental matrix is
el 2e2t  fe#t
el 4e2t 16e*

32. Solve the given IVP

S | 63 o 20 — -10
x(t)[21 ]x(t), X(0) [6 ]

6-r -3
det(A — rl) = r1 ‘(6—r)(1—r)+6r2—7r+120
-r
(r=3)(r-4)
=r=34
3 -3 0
r=3: u=(A-30u= L
2 -2 Uz 0
3u; —3uz =0
2u1 —2u; =0

Solving the system = u; = U»
Settingu; =s = uz =S

[

= 3u; = 3uz = U1 = Uy, SO eigenvector is



2u1 —3uz =0

2u; —3u; =0

Solving the system = u; = 2u;,
Settinguz = s = Uy = 35

(SN

MR

A fundamental matrix is 2 .

e3t e4t
e3t ie4t C
Then S - 2 '
X2 e3t e4t Co
. 1 2 c -10
X(0) = 2 tol=
11 C2 -6

C1+3c2 =-10
Ci+Chr=-6=C =-6-0C>

= 6-C2+3C; =10 = C; = -8;¢1 = 2

S0 X(1) = [ 3t 24t }[ :| - |: 3t 4 '
est e -8 2e°t — 8e

33. Solve the given IVP

1 -2 2 -2
Xty=| -2 1 -2 [X@®), X0)=| -3

2 -2 1 2

1-r -2 2 L )

J— r —
dettA-r)=| -2 1-r -2 |=@-r1) +2
-2 1l-r
2 -2 1l-r

-2 -2

2

1-r

-2 1-r

2



AL-n[@-r?-4]+2[-2(1-r)+4]+2[4-2(1-1)] =0
A-Nr-3)(r+1)+8r+1)=—(r+Dr-5)C+1r+1)=0

= r = 5,-1(multiplicity2)

-4 -2 2 Uip
r=>5: ur = (A-5hu = -2 -4 2 uz =
2 -2 4 us

-4u, — 2U2 + 2U3 =0

—2U1 —4u, — 2U3 =0

2U;1 —2U; —4u3 =0

Solving the system

— 2U1 = 2U2 + 4us3

—2U2 —4u3z —4u;, — 2U3 = — 6U2 - 6U3 =0
U, = —U3

2Uu; = —2uU3 +4uU3 = U = U3

Settingus =S = Uy =-S = U; =S

S 1
= U = -S =5/ -1
S 1
2 -2 2 Uz
r=-1: ur = (A+1hu = -2 2 2 uz =
2 -2 2 Us

2U1 - 2U2 + 2U3 =0

—2U1+2u; —2uz3 =0

2Uu1 —2u2+2u3 =0

Simplifying the system

U — U2+ U3z = 0

Ui + Uz —uz = 0 (last 2 eqns are the same)

Settingu; = sandus = vthenu; =s-v



The General Solutions is as follows:

1 1 -1
X(t) =ce™| -1 |+cet| 1 |+czet| 0
1 0
Plugging in IV
1 1 -1
X(0)=cy| -1 |+cC2| 1 |[+¢cC3
1 0
1 1 -1 C1 -2
-1 10 C2 =| -3
1 0 1 Cj3 2
Solving the system:
Ci1+Cr—C3 =-2
—C1+Cp =2
Ci+C3 =2
=cC=1Cc=-2c3=1
1 1 -1
x() =ed -1 [-2eY 1 |+et| 0
1 0 1
et —2et—e g%t — 3et
X() = | —eSt-2et40 |=| —eSt— 20
et +0+et et +et

9.6-pg.549-1,2,35,7

Find a general solution of the system X' = AX for the given matrix A.

2 -4 .
1. A= . Eigenvalues:
2 -2

2-r 4

det(A—rl) =
( ) 2 -2-r

=r+4=0=r=x2i=az*ip

Eigenvectors:



r=2i:

e

Risays (2 —2i)u; = 4up; = Uy =

o | [ 2-2i -4 o0
MHE o
o | |2 —2-2i0
(22 I>ul_: (%—%)Ul. LetU1:S;
0

S 1

then U = . =3 +is
1 _ 1 1
(2 2)5 2

R 2 | 0 L o
= U= +i =a+ib.

So general solution is

R 2 ) 0
X(t) = c1< e%cos2t — e%sin2t
1 -1
2 0
+cz{e°tsin2t[ ) ]+e°t0032t[ . ]}

2c0s2t 2sin2t
=C1 ] + C2 .
CoS 2t + sint2t sin2t — cos 2t

. Lets=2:

N

-r -5

p(r)det(A—r|)‘ - ‘(r2—4)+5r2+1
1 2—r

The eigenvalues are therefore r = +i.

The system (A—rl)X =0s
(—2-r)X1—5%2 =0
X1+(2—-r)x2 =0
Putting r = i yields
(2+1)Xy+5x2 =0
X1+(2-i)X2 =0
Multiplication of the second equation by 2 + i yields the second equation. Thus x; = —ZT”xl.
Let x; = —5 and an eigenvector is



BIHIH
wwee-apre-[ 2 o[ 0]

X1(t) = e*(cos Bta — sin fth)
Xz (t) = e*(sin Bta +cos Btb)

X(t) = C1X1(t) + C2X2(t)

—5cost —5sint
=C1 . +C2 .
2cost —sint 2sint + cost

12 -1
3. A= 01 1
0 -11
1-r 2 -1
1-r 1
dettA-rl)=| 0 1-r 1 =@A-r) -0+0=0
-1 1-r
0 -1 1-r
L-n[@-n*+1]=0
= 1-nNr*-2r+1)=0
=r=11=i
Eigenvectors:
r=1:
0 2 -1 Uz
uu=A-rhu=| 0 0 1 U =
0 -10 Us
2U2—U3=0
us =0
U, =0

Settingu; =s=>u; =0=u3 =0



- 2 -1 Uy
r=1+i u = (A+rhu = 0 —-i 1 us =

—iU1+2U2—U3 =0
—iup+uz =0

—Up +1iuz =0

Setting u, = sthenus = is

—iup+2s—-is=0
(—iup)i = (=25 +is)i = (i%2 = -1)
Up = —2Si—S

-2si—5 -2i—-1 -2
= Uy = S =5 1 +1i 0
is i

The General Solutions is as follows:

-1 -2 -1 -2
x(t) = cietcost| 1 +cefsint] 0 +cqetsint] 1 +cqetcost| 0 + cze!
0 1 0

-1 -2
5 A=
1-r -2
det =r24+2r+17
8 -1-r

r? +2r+17 = 0, Solution is: -1 + 4i,-1 — 4i. Thusa = -1, = 4.

The System (A—-r)X =01s
(-1-rx1—-2x2 =0
8X1+(-1-rx2=0
Letting r = —1 + 4i we get



(4i)X1 —2x2 = 0
8x1 + 4iX1 =0

Multiplying the first equation by —4i yields the second equation. Thus —2ix; = X2 S0 an
eigenvector is

0 _ -2
X1(t) = etcos4t[ ) ] — e tsin4t

. 0

X2(t) = etsm4t[ . ] + e tcos4t
etcos4t elsin4t
2e7tsindt —2etcos4t

7. Find a fundamental matrix for the system X'(t) = AX(t) for the given matrix A.

Hence a fundamental matrix is

001
A=| 0 0 -1 |[. Eigenvalues:
010
-r 0 1
0 —r -1 |=-—T~-r=0=r(0?+1)=0=r=0,=i.
0 1 -—r

Eigenvectors:

001 O
r=0: 00 -10 = Uz = Uz = O;uy arbitrary. Letu; =s=1. Then
010 O

0 |; corresponding solution is e%| 0 =

cl
Il

10



i 0 = U = iU3; Letusz =s. Thenu; = is;

0
1
1
0 -1
Uy =—iug =—-is=U=| is {0 s+i| 1 s. Lets = 1. Then

r .
G010
0 -i 10 |BLR2.
0 1 -i 0

cl

I
(e)
+
|_\

I
o]
+
ol

Corresponding solutions are
0 -1 sint 0 -1 —cost
costf 0 |[-sint] 1 =| —sint |[,sintf 0 |[+cost 1 = cost
1 0 cost 1 0 sint
and a fundamental matrix is:
1 sint —cost

0 —sint cost
0 cost sint

11



