Ma 227 Homework 10 Solutions Fall 2009
Due 11/19/2009

p. 939#1, 3,5, 7,13, 15, 17
1) Evaluate the line integral bytwo methods: a)direclty, and b) using Green’s Theorm.

ff xy2dx + x3dy
c

Cis the rectangle with vertices (0,0)(2,0)(2,3)(0,3)
(0,0,2,0,2,3,0,3)
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a) directly: Let C; be the segment from (0.0) to (2,0), C, the segment from (2,0) to (2,3),
C3 the segment from (2,3) to (0, 3), C4 the segment from (0, 3) to (0,0)

Ciox=tdx=dtjy=0,dy=0dt 0<t<2

Cy - x = 2,dx = 0dt; y=tdy=dt 0<t<3

Cs3 > x=2-tdx = —dt; y=3dy=0 0<t<?2

Cs4 —» x = 0,dx = Odt; y=3-tdy=-dt 0<t<3

Thus §C xydx + x2y3dy = § (xydx + x2y3dy)

2 3 2 Cl+C2+C3-§C4
= [odt+ [ 8dt+[ -9(2—t)dt+ [ Odt=0+24-18+0=6
0 0 0 0

b) Using Greens Theorem:

fc xy2dx + x3dy = ”D[g(x% - %(xyz)]dA = jz jz(sz + 2xy)dydx = jé(9x2 —OX) = 24—
3) Evaluate the line integral bytwo methods: a)direclty, and b) using Green’s Theorm.
ffc xydx + x2y3dy
(0,0,1,0,1,2,0,0)
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a) directly: Let C; be the segment from (0.0) to (2,0), C, the segment from (2,0) to (2,3),
C3 the segment from (2, 3) to (0, 3), C4 the segment from (0, 3) to (0,0)

a) directly: Let C; be the segment from (0.0) to (1,0), C, the segment from (1,0) to (1,2)
and C3 the segment from (1,2) to (0,0).

Ciox=tdx=dt;jy=0,dy=0 0<t<1

Cy; » x=1,dx = 0dt; y=tdy=dt 0<t<2
C3 —The equation of this lineisy = 2x. Thusx = t,dx = dt;y = 2t,dy =2dt t:1 -0

23 _ 2y3 23 23
§nydx+ X2y dy—j01xydx+ X2y dy+IC2xydx+ X2y dy+IC3xydx+ x2y3dy

2 0 0 2 0 0
= I;Odt+j0t3dt+jlt(Zt)dt+f1t2(8t3)(2dt) = [ Bdt+ [ )dt+2[ (8t°)dt = £

b) Using Greens Theorem:
ffc xydx + x2y3dy = ij[a/ax (x2y3) — dldy (xy)]dA

_ j; jzx(2xy3 — x)dydx

—2/3
5)
P(x,y) = x*y%;Q(x,y) = —x"y®
C-ox2+y2=1

Since C is a circle of radius 1, we parametrize C as
X = c0s6,dx = —sinfdfd 0<0 < 2rn
y = sinf,dy = cosfdo

ffc x*ySdx — x’ybdy =

jzﬂ cos*0sin%0(—sin0)do — jzﬂ cos’0sin%9(cos H)do = —jzﬂ(cos“esinﬁe +c0s80sin%0)do =

Note that it was necessary to simply the integral in order to have SNB evaluate it.
Double Integral:



X2 +y? =
X goes from-1to 1
y goes from — /1 — x2to 41 — x2

1 ¢J1x2
J[ [6/ox (Q) —aley (PYIdA = [ [T — (=7 xby® = Bx*y*)dydx = — 537
7) Use Green’s Theorm to evaluate the line integral along the given positivley oriented
curve.
fc e¥dx + 2xe¥dy, C is the square with sidesx = 0,x = 1,y =0andy =1
(0,0,0,1,1,1,1,0)
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The region D enclosed by Cis [0,1] x [0,1],s0 »
J. e1de +12xeydy - HD[g(zer) - a%(eV)]olA = [ ], (2¢" — e¥)dydx
= [ dx] (e")dy = (1)(e* —e%) =e -1

13) F(x,y) = (VX +y3,x2+ Jy ),

C consists of the arc of the curve y = sinx from (0,0) to (z,0) and the line segment from
(r,0) to (0,0)

C is traversed clockwise, so —C gives the positive orientation

JoFrdr=—J (R +ydxee (¢ + gy )dy = ‘HD[%O@ V) - = (X +y3)JdA
- _IZ J‘:nX(ZX — 3y?)dydx = —Ig[ny _ys]ginxdx

= —jZ(szinx —sin®x)dx = —jZ(szinx — (1 - cos?x)sinx)dx [Use integration by parts]
= —[2sinx - 2xcosx +cosx — cos®x |7 = (21 -2+ %) = 4 - 2=
15)F(x,y) = (e* +x%y,e¥ —xy?),
C is the circle x? + y2 = 25 orientated clockwise.
C is traversed clockwise, so —C gives the positive orientation

J Fedr=—] (e*+x%y)dx+ (e —xy?)dy = —”D[a—i(ey —Xxy?) — £ (e* +x2y)JdA
= _”D(—yz - x2)dA = HD(X2 +y2)dA = f(z)” jz(rz)rdrde



2n 5
= [Tdof (r)dr = 2z[4r4]; = Zg

17) Use Green’s Theorm to find the work done by the force F(x,y) = x(x + y)T+ xyZT in
moving a particle from the origin along the x-axis to (1,0) then along the line segment to
(0,1), and the back to the origin along the y-axis.

The path is shown below.
(0,0,1,0,0,1,0,0)

The line joining (1,0) to (0,1) has equationy = 1 — x. Thus
By Greens Theorem,

Work= jC F.dr = §x(x +y)dx + xy2dy = HD(y2 —x)dydx where C is the path described in
C
the question and D is the triangle bounded by C.

Work = f(l) f(l)_x(y2 —x)dydx = — L

12

pg 958 #5, 7, 9, 15

5)Eva|uate”syzd8 S:Xx=u, y=U+V Z=uU-V
uz+v2 <1

” yzdS = ” f(r(u, v))|ru x rv|dA

define: T(u,v) = (uv) T+ U+v)j +(u V) K
Fo= (2,2 2y - (v,1,1)

P= (2,2 2y - (y1,-1)

ov'ov' ov
i ] k
PuxTu=| v 1 1 |==2T+U+v)j+v-u)k
ul -1

[FuxTy| = J22+ U+V)2+(U-V)? = J4+2u%+2v?



” yzdS = ”uz V2<l((u +V)(U—V) V4 +2u2 + 2v2 )dudv
f [ ~/1_2(u2 v2) 4+ 2u2 + 2v2 )dudv

orW|th polar coordinates u = rcosf,v = rsino:

jzﬂ j;<c0329./4 +2r2 )rdrde =0

7)[[ x?yzdS  Sis the part of the plane z = 1+ 2x + 3y that lies above [0, 3] x [0, 2]

Then 0<x<3 0<y<?
_2 02_3

”xyzdS nyz\/( )2+<%>2+1dA

jgjgx y(1 + 2% + 3y) /4 + 9 + 1 dydx
Io Io JI4 (x2y + 2x3y + 3x2y?)dydx = 171/14

9) Hs yzdS S is the part of the plane x + y + z = 1 that lies in the first octant

z2=1-(X+Y) 2i=§§=—1

[foy@=x=y) JCD7+ (D)7 +17dA
T By - x - y)dydx - % (3

15) ”S(xzz +y22)dS
S is the hemisphere x? +y2 +22 =4,2>0

Using sphyrical coordlnates coordlnates

T(¢,0) = 28|n¢COSQI + 25|nq55|n61 + Zcos¢k

[Fo x T;| = 4sin¢

H (X2 +y22)dS = j j (4sin?¢)(2cos¢)(4sing)dedo = [16nsm4¢]§ — 167



