Ma 227 Review for Systems of DEs

Matrices

Basic Properties
Addition and subtraction:

LetA = [a;], ., and B = [b;] . Then

A+ B = [aj £ bjj]

mxn

Example:

1 -2 3 6 4 7
A= B =
0 -1 6 -1 -2 -6
1+6 -2+4 3+7 7 2 10
A+B= =
0-1 -1-2 6-6 -1 -3 0

Scaler Multiplication:
Let k be a scalar and A a matrix of real numbers of order m x n. Then

KA = [k - aji],.,
Example:
105 7 | [ 5 0 25 35 ]
5 2 -8 4 22 _ 10 -40 20 110
-7 1 0 6 -35 5 0 30
8 3 -3 4 40 15 -15 20

Some Properties of Addition and Scalar Multiplication

Theorem

Let A, B and C be conformable m x n matrices whose entries are real numbers, and k and p arbitrary
scalars. Then

1. A+B=B+A.

2. A+(B+C)=(A+B)+C

3. There is an m x n matrix 0 such that 0 + A = A for each A.

4. For each A there is an m x n matrix —A such that A + (-A) = 0.



5. k(A+B) =kA+kB
6. (k+p)A=KkA+pA
7. (kp)A = Kk(pA).

(4) Note that (-1)A = [-a;] — A+ (=1)A = O

mxn

Remark: We denote (-1)A by —A.

The Transpose of a Matrix

If Ais an m x n matrix, the transpose of A, denoted AT, is the n x m matrix whose entry ay is the same
as the entry a; in the matrix A. Thus one gets the transpose of A by interchanging the rows and the
columns of A.

Example:
.
10 -1 1 2 4
2 3 2 - 0 3 10
4 10 9 -1 2 9
Multiplication:

Definition. Let A = [a;] . and B = [by]_ be matrices. Then A B is the m x p matrix C, where

nxp

C = [CijJpep = [Z aikbij
k=1

mxp

Remark. AB = B A necessarily.
Example:

3 4
[ 1-10 ]
X -1 -5
4 1 -1
2x3 1 2
3x2
_| O +EDHED +O)A) (M) + D) +(0)(2)
@DHR)+MELH+EDHA) B+ (MED)+(-D)(@) -

| 49
10 9
2x2
The following occur often for matrices.

1.AB+BA
2.AB =0butneitherA=00orB=0



3.AB=AC butB+C

Theorem

Assume that k is an arbitrary scalar, and that A, B, C and | are matrices of sizes such that the indicated
operations can be performed. Then

1LIA=A Bl =B

N

. A(BC) = (AB)C

3. AB+C)=AB+AC, AB-C)=AB-AC

o

. B+C)A=BA+CA, (B-C)A=BA-CA

5. k(AB) = (kA)B = A(kB)

(o)

. (AB)T = BTAT.

Cramer’s Rule

Cramer’s Rule: Let A be an n x n matrix, A = [a;], . and denote by A the n x n matrix formed by
replacing the elements a;; of the jth column of A by the numbers ki, i = 1,..... ,n. If |A| # 0, the system
of n linear equations in n unknowns,

Ad11X1 +ApXy + - +ApXp = k]_
A21X1 + QX2 + -+ + AonXn = Ko

an]_X]_ + an2X2 + -+ anan = kn

has the unique solution

_ detA(l) _ detA(z) _ detA(n)

X1 = ~HetA X2 deta X detA

Example. Solve

X+3y-2z=1
4x-2y+1z7=-15
3X+4y-z=3



by Cramer’s Rule

13 -2
detA=|4 2 1 |=-25
34 1
1 3 -2 11 -2 13 1
15 2 1 4 -15 1 4 -1 -15
X:3 4 1|y, y:33 1] g - 34 3 1
25 5 25 5 25 5

Systems of Equations: Elimination Using Matrices

Elementary Row Operations On Matrices |

Equivalent Systems
Two linear systems are equivalent if they have the same solutions.

Three Elementary Operations

Three basic elementary operations are used to transform systems to equivalent systems. These are:

1. Interchanging the order of the equations in the system.

2. Multiplying any equation by a nonzero constant.

3. Replacing any equation in the system by its sum with a nonzero constant multiple of any
other equation in the system (elimination step).

Theorem:

Suppose that an elementary row operation is performed on a system of linear equations. Then the
resulting system has the same set of solutions as the original, so the two systems are equivalent.

Operating on the rows of a matrix is equivalent to operating on equations. The row operations that are
allowed are the same as the row operations on linear systems of equations:

1. Interchanging the rows.
2. Multiplying any row by a nonzero constant.

3. Replacing any row by its sum with a nonzero constant multiple of any other row. (Add a multiple of
one row to a different row.)

Gaussian Elimination

Definition: A matrix is said to be in row-echelon form (and will be called a row-echelon matrix) if it
satisfies the following three conditions:

1. All zero rows (consisting entirely of zeroes) are at the bottom.



2. The first nonzero entry from the left in each nonzero row is a 1, called the leading 1 for that row.

3. Each leading 1 is to the right of all leading 1's in the rows above it.

Definition: A row-echelon matrix is said to be in reduced row-echelon form (and will be called a
reduced row-echelon matrix) if it satisfies the following condition:

4. Each leading 1 is the only nonzero entry in its column.

Example:

Reduce the matrix

-1 -1 02 -4
0 0 1-30
2 1 00 O
2 2 1 -78

to row-reduced echelon form.

-1 -102 -4 -1 -1 02 -4
0 0 1 -30 L @RutRs; QRu+Rs 0O 0 1 -30
2 1 00 O 0O -1 04 -8
2 2 1 -78 0O 0 1 -30
110 24 |
_(-DR1; (-1)Rs 00130
010 -48
001 -30
110 -2 4 110 -2 4
R, | 01048 | .| 010438
001 -30 001 -30
001 -30 000O0 O
1002 -4 |
L CDRaR: 010 -4 8
001 -30
000O0 O
Example:

Solve the system AX = C, where



1102 | e 4]
0 0 1 -3
A= Cox=] * |andc-
2 1 00 X3
2 2 1 -7 X3
From the previous example
-1 -1 02 -4 100 2 -4
0 0 1 -30 010 -4 8
, row echelon form:
2 1 00 O 001 -3 0
2 2 1 -7°38 000 O0 O

Thus the solution is: {X3 = 3X4,X1 = —2X4 —4,X2 = 4X4 + 8,X4 = X4}

Inverse of a Matrix
Definition: If A is a square n x n matrix, a matrix A~* is called the inverse of A if and only if

AAl =1=A"A

A matrix A that has an inverse is called an invertible or nonsingular matrix.

Example:
27 1 27 1 100
FindAlforA=| 1 4 -1 | Weform| 1 4 -1 010
13 0 13 0 001
27 1100 0-131-20
14-1010 [-CRRiEReRl 7 4 10 1 0
1300001 0-110-11

0-13 1 -2
SCOReR |14 1 0 1
00 —2-11

0-1 3 1 -2 0 0-10-1 -1
_(®R1+R2; (-3)Rs 1 0 11 4 -7 O s (-3)Ra+Ry1; (-11)R3+R; 1 0 0 _% _%
00 1 3 -7 -7 001 1+ -1
R
— LRy RaeRy 010 % % _%
001 3 4 4



Eigenvalues

Definition: The values of A such that det(A — A1) = 0 are called eigenvalues. The vector X
corresponding to an eigenvalue is called an eigenvector of the matrix A.

11 -2
Example. Find all eigenvalues and eigenvectors of the matrix A=| -1 2 1
0 1 -1
Solution:
1-2 1 -2
det(A — Al) = det -1 2-1 1
0 1 -1-2
=-2+A+22%2-13
=-A12A1-2)+(1-2)
=(1-2)(-2)
Thus det(A — A1) = 0 =eigenvalues A = -1,1, 2.
A-ADX=0>
(L=A)X1+X2—2x3 =0
—X1+(2-A)X2+X3=0
0X1+X2+(-1-A)x3 =0
A=-1

2X1 + X2 —2%3 =0
—X1+3X2+X3 =0
OX;1 +X2 +0x3 =0

1
Thus x, = 0,Xxy = xzo0r[ 0 < —1. Similarly,
1
1 1 -2 1 1 3
A=| -1 2 1 |[,eigenvectors: 3 o 2, 0 o -1 2
0 1 -1 1 1 1

Matrix Methods for Linear Systems of Differential Equations



Linear Systems in Normal Form

A system of n linear differential equations is in normal form if it is expressed as
X'(t) = A@)x(t) + f(t)

where x(t) and f(t) are n x 1 column vectors and A(t) = [a;(D)], .
A system is called homogeneous if f(t) = 0; otherwise it is called nonhomogeneous. When the
elements of A are constants, the system is said to have constant coefficients.
Example:
Express the equation

y" —6y" + 11y’ — 6ty = cost
in normal form

X'(t) = A(t)x(t) + f(t)

Solution: Defining

"

X1 =Y, X2 =Y Xz =Y

we have
Xi = Xz
Xy = X3
X5 = 6ty — 11X, + 6X3 + cost
Thus
X1 0 1 0 0
X=1 X A(t) = 0 0 1 and f(t) = 0
X3 6t -11 6 cost

Solving Normal Systems

1. To determine a general solution to the n x n homogeneous system x' = Ax :

a. Find a fundamental solution set {xi,..... ,Xn ; that consists of n linearly
independent solutions to the homogeneous equation.

b. Form the linear combination
X = XC = C1X1 + *++ + CnXp

where ¢ = col(cy,..... ,Cn) Is any constant vector and X = [Xy,..... ,Xn] is the
fundamental matrix, to obtain a general solution.

Theorem
Suppose the n x n constant matrix A has n linearly independent eigenvectors us, Uz, ..., U,. Letr; be the
eigenvalue corresponding to the u;. Then



{e"tus,euy,....,e"Mu,}

is a fundamental solution set on (—o0, ) for the homogeneous system x' = Ax. Hence the general
solution of x' = Ax is

X(t) = cie™uy + -+ + cpe™tu,
where c4,....,Cy are arbitrary constants.

Example
Find a general solution of

e (Rt (|
, eigenvectors: o1, o4
-1 0 1 1
Thus x(t) = clet|: -1 :| +c2e4t|: -4 :|
1 1

Thus the solution is

X1(t) = —c1et — 4ce™
X2(t) = ciet + ce

Example:
Find a fundamental matrix for the system

2 1 1 -1
0 -10 1
X'(t) = x(t

() 00 3 1 ()

0 0 0 7

Solution:



, eigenvectors:

Hence the four linearly independent solutions are

20114
0-10 1
00 3 1
000 7
-
0
1
0
1

et -3 et
0
0

1
0
0
0 8

-1
1
2

e7t

Therefore a fundamental matrix is

Example:

Solve the initial value problem

(=Y

,e3t

o - O

—3et
0
0

X'(t) =

X(0) =

-
0
o -1,
0
0
0 e* 0
O 2e7t e3t
0 8™ 0
1 1 -1
-1 0 1
X(t
0 3 1 ®
0 7
-
-1
1
0

We know from above that the solution general solution to the system is

10



1 1 -1 1
-3 0 1 0
X(t) = c1e™ + et +cae’ + c4e¥
0 0 2 1
0 0 8 0
0 ciet +coe% —c3e™ + che® ]
-3ciet+cze’
X(t) _ 1 3
2c3e’t + cqe
8cze’
C1+Cr—C3+Cy 1
—3C1 + C3 -1
Then x(0) = = . Therefore we must solve the system
2C3 + C4
8c3 0
Ci+Cr—C3+Cs=1
—301 + C3 = -1 . . 1 1
, Solution is: {c3 = 0,c4 = 1,¢1 = 5,C2 = —5 },and
2C3+Cs =1
8C3 =0
_e—t
X(t) = o3
0
Complex Eigenvalues
Consider
X' (t) = Ax(t) (%)

in the case where A is a real matrix and the eigenvalues are complex. Denoting the eigenvalues by
atip, letz = a+ib, where a and b are real vectors, be an eigenvector corresponding to the
eigenvector ry. Then

X1(t) = e®(cos Bta — sin ftb)
X2(t) = e*(sin Bta +cos Btb)
are two real lineraly independent solutions of the system (x).

Find the general solution of
X'(t) = 2 X(t)
2 -2

Solution: This is problem 1 on page 573 of our DEs text and was assigned for homework.
Eigenvalues:

11



2-r -4

det(A—rl) = =r’+4=0=>r=+2i=q+if,s0a=0,=2

2 -2-r
Eigenvectors:
r=2i:
2-2i -4 Us 0 2-2i -4 0
. = = H
2 -2-2i Uz 0 2 -2-2i 0
Ry says (2—-2i)u; = 4u; = U, = (2:1 i)ul = %—% u;. Letu; =s;
S 1 ] N 0
then U = - =s +is . Lets=2:
1 _ i 1 1
(3-%)s 2 2

=

So the general solution is

o 2 . 0 . 2 0
x(t):cl{e0‘0052t|: ) :|—e°‘sm2t|: . :|}+cz{e°‘sm2t|: . :|+e°t0052t|: . :|}

2c0s 2t 2sin2t
=C1 . + Co .
€0s 2t + sint2t sin2t — cos 2t

Nonhomogeneous Systems

Undetermined Coefficients
Consider the nonhomogeneous constant coefficient system

x'(t) = Ax(t) + f(t)
Find the general solution of

1 -2 2 2et
XMW= -2 1 2 [xt)+ Jet
2 2 1 —2e!
Solution:
We first find the homogeneous solution.
1 -2 2 -1 -1
-2 1 2 |,eigenvectors: -1 < =3, 1 | 0 3
2 2 1 1 0 1

Since these eigenvectors are linearly independent, then

12



Xp(t) = ce™3| -1 |[+ce¥ 1 +c3ed 0
1 1
We seek a particular solution of the form
a
Xp(t) = €'l a
as
Then
ax 1 -2 2 ax 2et
Xp(t) = €' a = Axp(t) =e'| -2 1 2 a |+ 4et
as 2 21 as —2et
/ a; — 2a, + 2as 2
= gt —2a; + a, + 2as + 4
\ 2a; +2a, + as -2
Thus

a; = a;—2a, +2az+2
a, =-2a;+a,+2a3;+4
az =2a;+2a,+az—2

, Solution is: {a, = 0,a; = 1,a3 = -1}

Therefore

and

X(t) = Xn(t) + Xp(t) = c1e73| -1 [+ce¥ 1 +c3ed| 0 |+et
1 0 1 -1

Note: the Method of Undetermined Coefficients works only for constant coefficient systems.

The Matrix Exponential Function
Definition: Let A be a constant n x n matrix. The we define

13



o0

At _ 282 At nt"
e | +At+A o1 + -+ A ol + ;A ol

This is an n x n matrix.

Remark: If D is a diagonal matrix, then the computation of e*t is straightforward.

Example

-10
LetD = . Then
0 2

Therefore
w © (—pn i
eDt _ ZDnﬂ _ Zn:O( 1) n| O _ [ 67t O J
n! » tn
n=0 0 ZHZO ZHW O e2t
In general if D is an n x n diagonal matrix with ry,r»,....,r, down its main diagonal, then eP' is the
diagonal matrix with et et . .. e™ down its main diagonal.

In general it is not easy to calculate e”* for any matrix A.

Remark: In one case it is relatively easy to find et. It can be shown that if a matrix A has n linearly
independent eigenvectors, then P~ AP is a diagonal matrix, where P is formed from the n linearly
independent eigenvectors of A. Thus

P-'AP = D

where D is a diagonal matrix. In fact, D has the eigenvalues of A along its diagonal. Now (x) implies
that when A has n linearly independent eigenvalues we have

A = PDP-

so that

14
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eAt = ePOPt — | 4 PDP it + 2(PDP-t)(PDP 1) + ---

= 1+ PDPit+ 2.(PDP*)(PDP)t? + ---
= 1+ PDP i+ 1(PDP 1)t + -

- P(l +Dt+ +(DO)” + ~-~>P‘l

= Pebtp-!
Example:
2 1 1 -1
0 -10 1 .
We saw above that A = , has eigenvectors:
0 0 31
0 0 7
1 1 -1
-3 0 1
o -1, 2 o7,
0 0 2
0
Let
1 1-11
30 10
P =
0 0 21
0 0 80
0 -+ 0
1 L 1 1
Then P = s s S0
0 0 0 =+
i 0 0 1 -+ |
-1000
0 200
PIAP = =D
070
003
Thus

o = O B

15



1000 |
200
t
0720
0 0 3
eDt = eL |
et 0 0 O
oD _ e 0 0
0 0 e* O
0 0 0 e®
Hence
et 0 0 O
eAt = PePPt =P 0 et 00 Pt
0 0 e*™ O
0 0 0 e
[ et ~letyled _g2yed Loty leX_ lelt_ Led ]
| 0 et 0 —5et+ ge
0 0 0 et

Calculating e”t for Nilpotent Matrices

Definition: An nxn matrix A matrix is nilpotent if for some positive integer k
Ak = 0.

Since

_ 2 " Nt
et = | +At+A2ﬁ +oF Al = ZOA“H
n=|
we see that if A is nilpotent, then the infinite series has only a finite number of terms since
Ak = Al = ... = 0 and in this case
M = |y At+ A2 L a2
2! (k—1)!
This may be taken further. The Cayley-Hamilton Theorem says that a matrix satisfies its own
characteristic equation, that is, p(A) = 0. Therefore, if the characteristic polynomial for A has the form
p(r) = (-1)"(r—ry)", that is A has only one multiple eigenvalue ry, then p(A) = (=1)"(A—r.)" = 0.
Hence A —r11 is nilpotent and

eAt — a(ni+A-Tit — ariltg(A-riht — er1t|:| +(A=rDt+ -+ (A- |’1|)nl(nL;)|:|

16



Example Find the fundamental matrix e”t for the system

2 1 1
x'(t) = Ax(t) where A = 1 2 1
-2 -2 -1
Solution: The characteristic polynomial for A is
2-r 1 1
p(r)y=detf 1 2-r 1 =r3+3r2-3r+1=—(r-1)°
-2 -2 -1-r

Hence r = 1 is an eigenvalue of A with multiplicity 3. By the Cayley-Hamilton Theorem (A1) = 0
and

2
e — et — et 1+ (A- D+ (A- 1?5

1 1 1 00O
A-l=| 1 1 1 |ad@A-1)*>=| 000
2 -2 -2 000
Thus
0 1 1 1 et +tet  tet tet
eM=efl 010 |+t 1 1 1 = tet e'+te!  te!
0 -2 -2 -2 —2tet  —2tet e'-—2e!
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