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Synchronizing Coupled Semiconductor Lasers under General Coupling
Topologies

Shuai Li, Yi Guo, and Yehuda Braiman

Abstract— We consider synchronization of coupled semi-
conductor lasers modeled by coupled Lang and Kobayashi
equations. We first analyze decoupled laser stability, and then
characterize synchronization conditions of coupled laser dy-
namics. We rigorously prove that the coupled system locally
synchronizes to a limit cycle under the coupling topology of an
undirected connected graph with equal in-degrees. Graph and
systems theory is used in synchronization analysis. The results
not only contribute to analytic understanding of semiconductor
lasers, but also advance cooperative control by providing a
realworld system of coupled limit-cycle oscillators.

Index Terms— Nonlinear systems, semiconductor lasers, syn-
chronization, coupling topology.

I. INTRODUCTION

Laser diodes (LDs) are compact optical devices that impact
large variety of applications including optical communica-
tions and optical storage. Despite the advance in laser diode
production, the output power from single mode LD remains
quite limited. Coherent beam combining provides a viable
path to increase coherent emission power from many small
lasers. As a consequence of coherent beam combination, in-
phase locking of LDs can be realized resulting in a con-
structive interference along the optical axis. Achieving phase
synchronization of LDs poses a very intriguing challenge.
Synchronization of semiconductor laser diode array (LDA)
comprised of single mode laser diodes has been investigated
theoretically predominantly employing the nearest-neighbor
and global coupling between the lasers [1]-[4]. General
coupling topology has not been explored.

The dynamics of each element of the semiconductor laser
array is commonly described by the Lang and Kobayashi
equations [5]. In the case of global coupling, the process
of synchronization shows analogy to the process found in
the Kuramoto model [6]. It is unknown whether this re-
sult holds for general coupling topologies of laser arrays.
While Kuramoto model describes synchronization behaviors
of coupled phase oscillators, coupled laser arrays have a
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highly nonlinear model and represent a complex system with
both technological [7] and theoretical [8]-[12] importance.
From a theoretical perspective, laser arrays provide a prime
example of coupled limit-cycle oscillators, which connects
to explorations of pattern formation and many other topics
throughout physics, chemistry, biology, and engineering [6],
[13].

In this paper, we investigate general coupling topologies
for coupled semiconductor laser arrays and characterize syn-
chronization conditions. We use graph Laplacian tools in-
spired by recent cooperative control advances. Examining the
dynamic model of coupled semiconductor lasers described
by the Lang and Kobayashi equations [5], we first analyze
decoupled laser dynamics and reveal local stability properties,
and then study coupled laser arrays under general coupling
topologies. We characterize synchronization conditions using
graph and systems theory. The results not only advance
current synchronization methods for semiconductor laser
arrays, but also provide a realworld example of coupled high-
dimensional nonlinear systems for cooperative control study.

II. THE MODEL OF COUPLED SEMICONDUCTOR LASERS

We consider a coupled semiconductor laser system where
each laser is subject to the optical feedback reflected from
a mirror. Figure 1 shows a globally optical coupled semi-
conductor array as appeared in [4]. We study the following
dynamic equations for n linearly coupled semiconductor
lasers [5], [14]-[16]:

: 1+ia [g(Ny, — No) .
By = —-v| B E
k 5 {1+S|Ek|g V| Lk + by
K
+— E E;
mg .
JEN (k) U{k}
N g(Nk — No) 2
Ny = J—n,N,—2F g 1
k YNk 1+s|Ek|2| k| 1

where & = 1,...,n, N (k) denotes the neighbor set of the
kth laser, my, = |N'(k)|+1 with [N/ (k)| denoting the number
of neighbors of the kth laser, Fy, is the complex electric field
of laser k and ¢ is the imaginary unit, that is, V=1 =1. Ny is
the carrier number for laser k; w is the oscillating frequency;
J, K > 0 are constant pump current and coupling strength,
respectively, both of which are assumed to be identical for
all lasers. «, Ny, s,7,Vn,g are system parameters and are



all positive, whose physical meaning will be given later in
Section V of the paper.
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Fig. 1. Schematic representation of a semiconductor coupled laser array
with global optical coupling between the lasers [4].

Remark 1: As a special case of all-to-all coupling, the last
term in the first equation of (1) becomes % Z?Zl E;, which
is consistent with the global coupling model in the literature
(e.g. [4], [17D).

Remark 2: Figure 1 is an example configuration of glob-
ally coupled semiconductor arrays. For different coupling
topologies, its physical implementation may be different. To
focus on stability analysis utilizing graph Laplacian tools,
we do not consider time-delays in our equation, which is
practically un-avoidable in some real laser systems (such as
external cavity systems [18]). Also, experimental configura-
tions of various coupling topologies are out of the scope of
the paper.

We have the following assumption on the coupling topol-
ogy.

Assumption 1: Assume each laser has the same number of

neighboring connections, and the coupling topology between
lasers can be described by a general undirected connected
graph with a Laplaican matrix L.
The above assumption indicates [N (k)| = |N(j)| for any
j,k, and m; = m; = m. Recall that the in-degree (or
equivalently out-degree for undirected graphs) is defined to be
the number of connections of each node, so that Assumption
1 indicates that each node of the laser network has the same
in-degree. We define the Laplician matrix as L = [L;;] with
Lij =—2Xforj#i,j€N(i), Lij=0forj #4,j ¢ N(i)
and Lii = mTil

Inspired by the consensus-based work, we re-write the
dynamic equation (1) in the following form with a coupling
term in the form of relative electrical field:
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To facilitate analysis, we represent the electrical field of
each laser as Fj, = rpe’% = 1y, cos @), + iry sin @), in polar
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coordinates. We obtain the coupled laser dynamics as
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where £k =1,...,n.

Assume identical frequency w for each laser, we are
interested in the synchronization behaviors. We define laser
synchronization as the trajectories of all the lasers approach-
ing each other:

Definition 1: The system (1) is said to synchronize if

Ei(t) — E;(t), Vk,j=1,...,n, as t—oco. (4)
The problem of interest is to characterize the conditions so
that the system (1) synchronizes.

Note that the above equations describe a three-dimensional
dynamic system of coupled lasers with a given oscillating
frequency w. Before investigating dynamics of the coupled
laser system, we start in the next section to investigate the
stability property of a decoupled laser, that is, the dynamics
without the coupling terms in (3).

IITI. STABILITY PROPERTIES OF DECOUPLED
SEMICONDUCTOR LASER

In this section, we analyze local stability of a decoupled
laser, which is described by the equation (3) without the
coupling terms. Note that this is also the dynamics of coupled
lasers when they’re fully synchronized, i.e. when F; = Fy =
... = F,. We re-write the decoupled laser dynamics as:
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We notice there exists an equilibrium solution to
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in terms of electrical field with constant amplitude r* and
a constant angular speed w. The corresponding trajectory of



the system is on a circle with (r, 0, N) = (r*,0*, N*), where
(r*,0*,N*) is the nontrivial solution of above equations,
which can be computed as:

. 9J — gvaNo — (v — 2K) 7,
o= (7a)
\/ (v = 2K) (s +g)
0 = (—aK+w)t+6 (7b)
— 2K + gN,
g+ 8

where 6 is the initial phase angle.
This solution exists only when the pump current J is larger
than a threshold J;;, given by

Jin = v (No + (v — 2K)/4g). ®)

To ensure the pump current is positive and the solution to
(7a) exists, the coupling strength K must satisfy K < /2.

Since in the dynamic equation (5), the phase variable 6
has no influence to the amplitude variable r and the carrier
number variable N, we first analyze the stability of the (r, V)
system, and then consider the behavior of the 6 dynamics.
For this purpose, we linearize the decoupled laser system (5)
around its equilibrium point (r, N) = (r*, N*) to get the
linearized form,
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where v/ = v — 2K.
Define new states as Ar = r —r*, AN = N — N*, the
linearized system is re-written as

d | Ar Ar
dt{AN}A[AN} (10)
where
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We can see that the local stability of the system (10) depends
on the eigenvalues of the matrix A. The following theorem
provides stability results of the decoupled semiconductor
laser system (5).

Theorem 1: For the system parameter 0 < K < /2, the
decoupled semiconductor laser system (5) locally converges
to the limit cycle (r, N) = (r*, N*) with the angular velocity
0 =(—aK +w).

Proof: We first analyze the linearized system (10) by
solving the equation |AI — A| = 0 to find the eigenvalues A
of matrix A. The trajectory of (10) is asymptotically stable

if the two eigenvalues of A satisfy Re{\;}, Re{A\2} < 0.
Since A1, Ao are the roots of the quadratic equation

(g+s7)r? (g +ms'r

2 ))‘ 2

14 sr* 1+ sr*

denoting a = 1, b and c as the coefficients of the first order
term and the constant, their values can be computed by \j,
Ay = (—=b++/A)/2a. Whether they are two distinct real roots
or two distinct complex roots, depends on the sign of the
discriminant A = b? — 4ac of above equation. If b > 0, A >
0, the roots are both real. They are negative numbers if and
only if —b++/A < 0, which implies b* > b? —4ac. With a =
1, we have 0 < ¢ < b? /4. If A < 0, the roots are two distinct
complex roots with negative real parts. In this case, we have
c > b%/4a = b%/4. If b < 0, for any value of A, the roots
can not both have negative real parts. Following the above
statement, the condition for Re{A;}, Re{A2} < 0is b,c > 0.
For arbitrary positive system parameters g, s, &, Y, Yn, No >
0,J > Tip, together with r*2 > 0, the condition

/%2
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is satisfied if and only if 4/ =y — 2K > 0, that is K < /2.

Moreover, if 7/ > 0, the condition

(g + s7)r*?
14 sr*?
is automatically satisfied. Therefore, if the coupling strength
0 < K < 7/2, the system (10) is asymptotically stable. Us-
ing Lyapunov indirect (linearization) method, the nonlinear
system (9) is asymptotically stable around (r*, N*). That is,

limy o7 =7r* and lim;_,o N = N*.

Now let’s consider the dynamic of 6 in equation (5). As
the right hand side of this equation is continuous with respect
to r and N, we have

b=, + >0 (14)

. . a g(N*— Ny)
r—)r”*l,lﬁ—)N* 0 = 2 ( 1 + ST*2 ’Y) tw
= —aK+w (15)
Therefore, lim;_, 0 = —aK + w. This completes the
proof. [ ]

IV. SYNCHRONIZATION OF COUPLED SEMICONDUCTOR
LASERS

In this section, we consider n coupled semiconductor lasers
described in (3). We can see that the system is a high-
dimensional coupled nonlinear system. From the decoupled
laser stability analysis in the above section, we know that the
limit cycle with a constant angular velocity is the dynamics
of coupled lasers when they’re fully synchronized. As we are
interested in the local synchronization behavior around this
equilibrium set, we can linearize the system around the limit
cycle with (r, Ni) = (r*, N*). Note that in synchronization,
Or — 0;,VEk, 3.
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Define new states:

Ary = rp—1r"
AN, = Ny—N*
B 1 n
AG), = ak—ezek—EZQi (16)
=1

where 7%, N* are defined in (7), A¢), measures the difference
between the phase of the kth laser and the mean phase
of all lasers §. We assume initially the phase differences
between lasers are small. Linearizing the system (3) around
the equilibria (ry, Ni, A6)) = (r*,N*,0),Vk, simplifying
using 3701 D aray (A0 — AB]) = 0 due to the symmetry
of the coupling topology, the system equations of the error
states can be written as

K
Af“k = A1 Ar, + AlgANk + — Z (A?"j —

A’I‘k)
M ENR)

. 1 &
A, = —B; (A —fEA'
0 1(Ary, n 7;)
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Bo(AN, — = STAN,
+Bs( ~ D AN+

i=1

5 E (AQ; — AB},)
m J k
JEN (k)

AN}, = AglArk + Ay AN, (17)

where B1 = 1+97“*2’ B2 = 2(1-1—97"*2 , All’ Alg, A21 and
Ass are the scalar elements of matrix A defined in (11).

We can see that the equilibrium of the system (17)
indicates synchronization, that is, at the equilibrium point
(Arg, AG),, ANy) = (0,0,0), the states of the system (3)
tend to 7, — 7, — ", N, — N; — N0, —
0;,Vk, j. Note that we linearize the coupled dynamics around
(r*,N*,A0;) = (r*,N*,0) as defined in (16), instead of
following the convention of usual treatment by linearizing
around (r*, N*,0*). This is because that the linearized model
around(r*, N*, 0*) always has a zero eigenvalue in its system
matrix, which makes it difficult to analyze local stability. As
shown later in this section, we draw local synchronization
conclusions by the current treatment.

In matrix form, we have the following compact form,

Ar = AllAT‘ + A12AN — KLAr

A = —BiLoAr+ ByLoAN — KLAG'

AN = Ay Ar+ ApAN (18)
where Ar = [Ary, Arg, ..., Ar, )T, AN =
[AN1, ANy, ..., AN,]T, A0 = [A0, A0, ..., A0 ],
Ly = I — 1}lT, L is the Laplacian matrix defined in

Assumption 1. For the case with all-to-all coupling, L = Ly.
We have the following lemma for the stability of (18).
Lemma 1: The linear coupled system (17) or its compact

form (18) is asymptotically stable, if the system parameter

0< K <~/2.
Proof: To prove asymptotical stability of (18), we first

perform a similarity transformation. Define

21 Ar
z=| 2z | =M | AN (19)
zZ3 AO’
where
P 0 O
M=]|0 P O (20)
0 0 I

where P is the unitary matrix satisfying PPT = PTP = I
and PLPT = Ag with Ag = diag(\1, \a, ..., \,) being the
eigenvalue matrix of L, i.e., P is the orthogonal similarity
transformation matrix transforming the symmetric matrix L
into a diagonal one. With M defined in (20), Eq. (19) can

be re-written as,
21 = PAr 2y = PAN z3=A#¢ (21)

Expressing the system (18) in the new coordinates yields,

21 = Apz 4 Ajaze — KAz (22a)
Zo = Aoz + Axzo (22b)
23 = —BlL()PTZl + BQLQPTZQ — KLZg (220)

Note that the above equations hold as Aq1, Aqa, A1, Ao are
all scalers. Since Y’ Af; = 0 according to the definitions
of Af)}, and 0, we have 1 z3 = 1TA#" = 0. Accordingly,
Lozs = (I — l11T)23 = z3. Also note that for ¢y > 0 we
have LLo = LLo+ o117 Lo = (L4 ¢p117)Ly and LLg =
L(I — 1117) = L. Comparing the right sides of the above
two equations, we have L = (L + ¢o117) L. Therefore, Eq.
(22¢) can be re-written as,
23 = —BlLOPTzl + BzLopTZQ — K(L + CollT)LOZB
= _BlLOPT,Zl +B2L0PT22 — K(L+0011T)Z3 (23)
Accordin, % to the spectral theorem [19], the eigenvalues of
L+ ¢cpll* are ¢y, Ao, A3, ..\, With \; > 0,7 = 2,.
denoting the ith smallest elgenvalue of L. Replacmg (220)
with (23), we can re-write the system dynamics of (22) as
follows,
21 = Az + Areze — Koz (24a)
Zo = Ag1z1 + A2222 (24b)
43 = =B1LoPT 21 + BoLoPT 22 — K(L 4 ¢o117) 23 (24c¢)

The system matrix W of the above linear system is

AnI — KAO A12] 0
W = Agll AQQI 0 (25)
—BlL()PT BQL()PT —K(L+8011T)

To prove that z converges to zero, it is sufficient to prove
that the eigenvalues of W locate on LHP. Note that W
is a block lower triangular matrix, and the diagonal block
—K(L + c9117) has eigenvalues —Kcg, —K\y, —K\3,
..—KM\,, all of which locate on LHP. Therefore, we only
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need to prove that the following matrix

Al — KAO Aol
Aol Aol

has all eigenvalues on LHP in order to prove the fact that the
eigenvalues of W locate on LHP. In fact, this is equivalent
to the asymptotically stability of the following subsystem
composed of z; and zo:

(26)

A11z1 + Algzg — KA()Zl
Ao1z1 + Agozo 27)

Z21 =
Zy =

For the system (27), it is clear that this system is composed
of n completely decouple subsystems. Therefore, its stability
is equivalent to stability of all the subsystems. To show this
more clearly, we write (27) into the following scalar form,

21 = Aiizi + Aoz — Kz
Zoj = Ag1z1s + Axza (28)

where z1; and zo; are the ¢th component of the vector z;
and that of z5 respectively. The system (27) is asymptotically
stable if the following system matrices for all subsystems are
Hurwitz,

1 0

A—KAZ-[O 0

} — — — Hurwitz 29)

The characteristic polynomial for the above matrix is:

AN}
N2 (yn + SR 4 KO

1 ox2 *
+ 0T N (1) =0 (30)

Similar to the arguments in the decoupled laser case, the
following inequalities are equivalent to the claim that the real
parts of the roots to (30) are negative:

(g + s7")r*?

g+ yns)y'r? gr*?
%*K&'(Vﬁm) >0 6D

Recall that the eigenvalues of L satisfies A\; = 0, A; > 0 for
2 <i¢<mn Fori=1, \y = 0 and the dynamic (28) is
identical to the decoupled laser case (10) and the inequalities
in (31) requires 0 < K < v/2 as 7/ = v— 2K, with positive
system parameters ¢, s, «,7,Vn, No,J. For ¢ = 2,3,...n,
Ai > 0, so (31) clearly holds. [ |
Theorem 2: Under Assumption 1, if each laser is operating
around the limit cycle with the radius 7*, the carrier number
N* and the angular velocity (—aK +w), and the initial phase
differences of lasers are small (i.e. Af), is around 0), the
coupled laser system (1) locally asymptotically synchronizes
to the same limit cycle for the coupling strength 0 < K <
v/2.
Proof: We showed at the beginning of this section that
the system (1) and its polar coordinate representation (3) can

be linearized to (17) around the limit cycle (rx, N, A6)) =
(r*,N*,0), Yk, under the condition that the decoupled laser
is stabilized around it and the initial phase differences are
small. We can see that the equilibrium of the system (17)
indicates synchronization of the system (3), i.e., 1, — 1; —
™, N — N; — N*,0;, — 0;,Vk,j. From Lemma 1, we
know that (17) is asymptotically stable, which then indicates
synchronization as ¢ — oo. [ ]

Remark 3: From Theorem 2, the coupling topology to
guarantee synchronization is a general undirected connected
graph. When the lasers are synchronized, i.e., B, = Ej; for
all possible k£ and 7, the dynamic of each laser in the coupled
array becomes identical with each other and is also identical
to the behavior of the decoupled laser dynamics shown in

(5).

V. SIMULATION EXAMPLES

To illustrate the performance, we consider 5 coupled
semiconductor lasers modeled by (1). The system parameters
used are listed in the Table I, where the values are from a
realistic experimental situation [18], [20].

TABLE I
LASER PARAMETERS THAT REPRESENT A REALISTIC EXPERIMENT.

Symbol Description Value
« Linewidth enhancement factor 1074
y Photon decay rate 500ns~1
Yn Carrier decay rate 0.5ns"1
g Differential gain coefficient 1.5 x 10~ °ns ™!
Ny Carrier numbers at transparency 1.5 x 108
s Gain saturation coefficient 2x 1077

Substitute these parameters into Eq. (7) and (11), and
choose w = 2, coupling strength K = 1 < ~/2. We have
the periodic solution of each decoupled laser is (r*, N*) =
(302.2562, 1.8381 x 10%) with angular velocity 6* = 1.0001,

and
—8.9361 0.0022

A= (32)
—2.9565 x 10° —1.8458

The eigenvalues of A are Ay = —5.3909 + 25.40891,
A2 = —5.3909 — 25.4089:. According to Theorem 1, each
decoupled laser system is stabilized on its periodic solution.
In the presence of coupling, we simulate the case of all-to-all
coupling and use the same parameters «, Ny, S,7, Vn, g and
coupling strength K. According to Theorem 2, the coupled
semiconductor system will locally synchronize asymptoti-
cally. Fig. 2 demonstrate the synchronization process of the
system modeled by (17), which illustrates that Fy(t) —
E;(t), Yk,j =1,...,n, as t — oc. In the case of general
coupling topology, we choose the coupling for the 5 laser
array as shown in Fig. 3. Its synchronization process is shown

1235



in Fig. 4. We can see that the convergence time is longer than
the all-to-all coupling case.

VI. CONCLUSION

In this paper, we considered coupled semi-conductor lasers
modeled by nonlinear Lang and Kobayashi equations. We
assume the coupling topology is modeled by an undirected
connected graph with equal in-degrees. We first proved that
the decoupled laser system is locally stabilized to a limit
cycle under certain conditions on system parameters. Then,
utilizing graph and systems theory, we rigorously proved that
the coupled laser system locally synchronizes to the limit
cycle. Simulations demonstrate the synchronization behaviors
of 5 lasers in a generally connected topology. Future research
includes considering time-delays and real experimental re-
quirements.
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Fig. 2. Time history of state variables in the case of all-to-all coupling
topology.
Fig. 3. The coupling topology.
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Fig. 4. Time history of state variables with coupling topology shown in
Fig. 3.
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