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Stability of Coupled Oscillators using Frenkel-Kontorova Model

Yi Guo* and Zhihua Qu

Abstract— We study the stability of coupled oscillators mo-
tivated by the Frenkel-Kontorova (FK) model. The FK model
describes a chain of classical particles coupled to their neighbors
and subject to a periodic on-site potential. The open-loop system
of the FK model represents interconnected oscillators that
have locally stable or unstable equilibrium points. We reveal
the stability of the coupled system in the presence of linear
and nonlinear particle interactions, respectively, and verify
the results by numerical simulations. The result applies to
physical systems such as atomic-scale friction whose dynamics
is described by the FK model.

I. INTRODUCTION

The research in collective motion has progressed rapidly
from early modeling and simulation of specific examples
([11, [2]) towards a more fundamental explanation and con-
trol applicable to a wide range of systems with collective
behaviors ([3], [4], [5], [6]). In physics, the phenomenon of
collective synchronization, in which coupled oscillators lock
to a common frequency, was studied in the early work [7],
[8]. After Kuramoto proposed the famous Kuramoto model
for oscillator synchronization [9] in the 1970s, a related prob-
lem, the collective motion and phase transition of particle
systems, is considered from the perspective of analogies to
biologically motivated interactions [10], [11]. Despite thirty
years having elapsed since Kuramoto proposed his important
model, there remain important theoretical aspects of the
collective motion that are not yet understood [12], which
stimulates a large amount of research activities in controls
community, see [13], [14], [15], [16] and references therein.

In this paper, we study stability of coupled oscillators
which is motivated by the so-called Frenkel-Kontorova (FK)
model ([17]). The FK model describes a chain of classical
particles coupled to their neighbors and subject to a periodic
on-site potential, see Figure 1. It characterizes the funda-
mental physics in problems such as sliding of nanoparticle
array [18], [19], DNA dynamics [20], charge-density waves,
magnetic spirals, and absorbed monolayers [21]. Recently,
the FK model is used to describe frictional dynamics of a
one-dimensional particle array that slides on a substrate [22],
[23]. We consider the open-loop stability problem for the
FK model, and study single particle stability in the coupled
particle array subjected to a periodical substrate potential
in the paper. The particle interactions are assumed to have
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either a linear or a nonlinear Morse-type form. We perform
MATLAB simulations to verify the theoretical results.
II. THE FRENKEL-KONTOROVA MODEL

The basic equations for the driven dynamics of a one di-
mensional particle array of N identical particles moving on a
surface are given by a set of coupled nonlinear equations[21]:

N

. . oU (z;) OW (z; — z5)
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mzi+yz = = 5 Z T+f¢+777
J=1
J#i
(1)
where ¢ = 1,..., N, z; is the coordinate of the ith particle,

m/ is its mass, 7’ is the positive friction coefficient represent-
ing the single particle energy exchange with the substrate,
f! is the applied external force, 7(¢) denotes additive the
Gaussian noise, U(z;) is the periodic potential applied by
the substrate, and W (z; — z;) is the inter-particle interaction
potential.

Under the assumptions that 1) the substrate potential is
periodic, 2) the same force is applied to each particle, and
3) there is zero noise, the equation of motion reduces to the
following simplified FK model:

Gi +ydi +sin(gy) = f+ Fi(bi, ¢;) (2)

where ¢; is the dimensionless phase variable, ¢; = 2mz;,
Fi(¢i,05),5 = i £ 1, is the Morse-type nearest-neighbor
interaction ([18], [24]):

KR _ o _ o
Fi(¢i, ;) = 5{6 Bldin1—6i) _ g—28(it1 (m}
_k {efﬁ(m—mfl) _ 6—25(@7@,1)} ’
B
1=2,...,N—1, (3)

where x and [ are positive constants, and the free-end
boundary conditions are represented as:

Fi(¢1,¢2) =

Fn(¢n-1,0n) =

lad {efﬁ(tbz*%) _ 6*25(¢2*¢1)} ’
B
_% {e—6<¢N—¢N_1> _ 6—2[3(¢N—¢N—1)} .

As 3 — 0, (3) turns to:
Fi(¢i,¢5) = k(div1 —2¢0;i +¢i1),i=2,...,N —1,
4)

which represents a linear approximation of particle inter-
action for small § with the following free-end boundary
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Fig. 1.

The Frenkel-Kontorova model represents a harmonic chain (which mimics a layer of nano-particles) in a spatially periodic potential (which mimics

the substrate). The chain is driven by a constant force which is damped by a velocity-proportional damping.

conditions:

Fi(¢1,¢2) k(2 — é1),
Fn(pn-1,6n) = K(pN—1— ON). (5)

The FK model presents a nonlinear interconnected system.
The nonlinear Morse-type interaction represents an attraction
force between two nearest particles when their distance is
longer than the natural length of the spring, and a restoring
force (increasing unlimited) between them when the distance
is shorter than the natural length of the spring. Without the
external force, i.e., f = 0, (2) represents coupled-oscillators
whose individual dynamics is the second-order pendulum
equation ([25]). We study the open-loop stability of (2) in
the presence of linear and nonlinear Morse-type particle
interactions in the next two sections, respectively.

I1I. STABILITY WITH LINEAR PARTICLE
INTERACTIONS

The dynamics in (2) expressed without external forces can

be expressed in state space as:

Ti1 = Tig

Tip = —sinzg — Yz + Fi(za, zn), (6)
where i = 1,2..., N, z;1 = ¢;, Tio = @, Fi(xs,x41) takes
the form of the linear nearest-neighbor interaction given in
(4), that is,

Fi(za,z1) = k(@11 —2za +xi—11). (D)

From (6), the equilibrium points are at (x;1, z:2) = (z}7,0)
where z7; are solutions to

. % * * _
—Slnxu +f</(l‘21 —xn) = 07
. * * * * _
—sinzj; +K(2i 1 — 227 +77_14) = 0,
1=2,...,N—1,
. * * *
—sinzy; +h(ry_1; —2Ny) = 0. (8)

Linearize (6) around its equilibrium (z};,0), and define new
states z;1 = X1 — X}, Zi2 = Ti2. We obtain
Zit = Zi2
Zig = —cosziza — Yz + K(Zi41,1 — 2201 + 2zio1,1)
—sinayy + /(21 — 2% + i)
= —cosx2i1 — Yzi2 + K(Ziv1,1 — 22i1 + Zi—11)
C))

Note that the last equal sign holds due to the equilibrium
equation (8).

Stacking the state space equations for¢ = 1,2,..., N, we
obtain

i = diag{A;}z+(IN®@B)(@Q1®[ x 0 ])z
. 0 0
_ m@L%R+Qu®{K O]z (10)
where z = [z11, 212, 221 222, .. ZN1, ZN2)%,
0 1 0
Ai{—cosmfl —'y]’ B{l}’ an
-1 1 0 0
1 -2 1 0
Q1 = e RN (12)
0 1 -2 1
0 0o 1 -1

Kronecker product and its property are reviewed in Appendix
A.

Notice that (10) represents the linearized coupled oscil-
lator equation, where the term, diag{A;}z, represents the
linearized pendulum equation and (); represents the nearest-
neighbor interconnection. Notice also that (—Q1) is a row-
sum-zero matrix whose property is given in Lemma 3 of
Appendix.

To reveal stability of (10), we re-write it into a different
but equivalent matrix representation:

z =

(m®Ay+%®[?8}z (13)

0 1
A_{O—vy

and ()2 is represented in (15).

We have the following theorem:

Theorem 1: The system (6) with linear particle interaction
(4) is locally asymptotically stable at the equilibrium points
(xf,0) if all of the eigenvalues of the matrix ()2 defined
in (15) have negative real parts; it is unstable if any of
the eigenvalues of the matrix ()2 has a positive real part.
Particularly, it is locally asymptotically stable if cosz]; > 0
for all ¢ with strict inequality for at least one ¢, and it is
unstable if coszj; < 0 for all ¢ with strict inequality for at
least one .

Proof of Theorem 1. First, we study stability of the
linearized system (13) for any positive constants v, x and
for any N > 2. To perform this stability analysis, we find a

where

(14)
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{ —K — cos Tt K 0

K —2Kk —coszy; K
Q2 =

0 K

0 0

€ RV*N, (15)
—2K —cosTy_q, K

*
K —K — COS T

transformation matrix to transform the system matrix into a
block diagonal one.

Define a similarity transformation z =
coordinate, the system dynamics is

¢ = HC

We show how to choose T and present H accordingly.
Since @2 is a real symmetric matrix, according to Lemma

1, there exists a unitary matrix 7" such that T’ngT =D

where D is a diagonal matrix of eigenvalues of (). Let

T¢. In the new

(16)

T = T®IL 17)

where I, is the 2 x 2 identity matrix. Then:

H

T ! (IN®A+Q2® [(1) 8])7
®

—_= O

(T™'INT) ® A+ (T7'Q2T) [

0 0
10
We can see that H is block diagonal, and the block diagonal
element of H writes:

0 1

a; = |’

where «a;,i = 1,2,...,N are eigenvalues of (J2. The
stability of the system depends on the sign of the real parts
of aj,t=1,...,N:

1) If oy,2 = 1,2,..., N have negative real parts, the
eigenvalues of H;;,7 = 1,2,..., N have also negative
real parts, and so does the matrix H. This indicates
that the system is asymptotically stable at these points.
Due to the similarity transformation, the same stability
result holds for the original system (13). Furthermore,
local stability of the original nonlinear system (6) can
be deduced from the stability analysis of its linearized
system (13) ([26], Theorem 3.1).

2) If «o; has a positive real part for any ¢ € [1,N],
eigenvalues of H;;,2 =1,2,..., N, also have positive
real parts. With the same arguments as above, the
system (0) is unstable at these points.

')

= IN®A+D®{ (18)

Hiy = [ 19)

Checking the structure of matrix ()2 in (15), we have the
following cases:

e If coszj; > 0 for all 7 with strict inequality for at least
one 7, the matrix (—@Q)2) is an M-matrix and «; < 0 for
all 4 according to Lemma 2. Therefore, ()5 is Hurwitz
and the system is asymptotically stable;

o Ifcoszj; = 0forall i, Q2 has one (and only one) eigen-
value 0 according to Lemma 3. The linear system (13)
is marginally stable and the stability of the nonlinear
system (6) could be either stable or unstable;

o If coszj; < 0 for all ¢ with strict inequality for at
least one i, we can represent (2 as in (20). Since @ is
a irreducible and nonnegative matrix, it has a positive
eigenvalue, r, equal to the spectral radius of ®, which
is between 2k + min{—coszj,...,—cosx},} and
2k + max{—cosz}y,...,—coszl} ([27], page 537).
Therefore, ()2 has at least one positive eigenvalue. The
system is unstable;

o If cosz}i,7 =1,..., N, have mixed signs, the system
could be either stable or unstable and numerical calcu-
lations is necessary to determine the sign of the real
parts of the eigenvalues of Q.

This concludes the proof of Theorem 1. O
Remark 1: From the proof of Theorem 1, we can see that
for a given set of equilibrium points, 1) if at least one of
the individual oscillators is stable and the rest is marginally
stable, the interconnected oscillator is locally asymptotically
stable; 2) if at least one of the individual oscillators is
unstable and the rest is marginally stable, the interconnected
oscillator is locally unstable; 3) if some of the individual
oscillators are stable and some unstable, the stability of the
interconnected oscillator may be locally stable or unstable.
Remark 2: As special cases of Theorem 1, the equilibrium
points (2km,0), k = 0,%1,.. ., are asymptotically stable and
((2k + 1), 0) are unstable. The result was first claimed in
our early publication [19] without rigorous proof, and then
in [28] with a proof. We extend the result in this work to
include all equilibrium points of the coupled oscillators.

IV. STABILITY WITH NONLINEAR PARTICLE
INTERACTIONS

In the presence of Morse-type nonlinear particle interac-
tions, that is, F; takes the form (3), the equilibrium points
of (6) are at (x;1,x;2) = (x}7,0) where x}; are solutions to

—sinat, + % {e—mzl—xfl) _ e—zmx;l—xfl)} —0,

K * s * ¢
_ Sinl‘,’;l + — {6*5(17:4-1,1*95711) _ 6*25(17:4-1,1*95711)}

54
k { —Blafy =1 ,) _ ,—2B(zh—al_, n} _
—— e nT%i-11) — ¢ 1T %i-11) 8 = ()
54

)
i=2,...,N—1,
—sinajy
_% {efmz;‘vrz;‘v_l,n _ e&ﬁ(z;‘vrm_l,n} —0
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*
{ K — COS T}, K 0

=
<

K —cosxd;
Q2 =
0 K
0 0 K

+(=20)In “ o1 (—20)Ix.  (20)

*
—COSTN_q 1 K

.
K — COS Ty

21

Let z;1 = x;1 — 2}, Zi2 = T2, and linearize the system
*

around its equilibrium (z};,0). After simplification, we get

i1 = Z2

3 *

Zi2 = — COS xil Zil — Y%i2
45 [_efmxal,fz;) i gefzﬁu:“,fm:l)}
(Zi+1,1 - Zil)

_g [_efmm:fz:_l,l) + Qefzmmzfz:_l,l)}

(Zil - Zi—l,l)
= —coszjzi1 — VZi2 + cin(Ziv1,1 — Zi1)

—cio(zi1 — Zi—1,1) (22)

We can see that (22) is in the same form as in (9) with
different coupling coefficients. We can represent (22) as

f= (v @A)+ Q50 [ 0o }z

with the same matrix A as in Section III and the matrix
Qs is shown in (23). Following the same procedure as
shown in the proof of Theorem 1, we conclude that the
system (6) with nonlinear particle interaction (3) is locally
asymptotically stable at the equilibrium points (x};,0) if all
of the eigenvalues of the matrix Q)3 defined in (23) have
negative real parts; it is unstable if any of the eigenvalues
of the matrix Q3 has a positive real part.

V. SIMULATION RESULTS

We have performed numerical simulations on arrays of
different sizes (3 < N < 256). The system parameters used
are v = 0.1,k = 0.26 ([18], [29]). Random initial conditions
are used in the simulations.

First, we verify the stability of the open-loop frictional
dynamics (6) in the presence of linear particle interactions.
We use the system parameters as:

N =3,k=0.26,7=0.1.
By solving (8), we have the following two sets of the
eqUilibrium pOil’ltS fOT (¢17 ¢17 ¢27 ¢2) ¢3) ¢3) at
Casel : (0.1941,0,0.9360, 0,4.7747,0)
Case2 : (0.69,0,3.14,0,5.59,0)
For Case 1, we check that cos¢; > 0,7 = 1,2,3. From
Theorem 1, we know that this set of equilibrium points is

locally asymptotically stable. This claim is verified by Figure
2.

For Case 2, we check that cos¢; > 0,7 = 1,3 but
cos¢y < 0. We need to calculate the eigenvalues of Qo
according to (15). We obtain:

—1.0312 0.2600 0
0.2600 0.4800 0.2600
0 0.2600 —1.0292

whose eigenvalues are —1.1150, —1.0302,0.5648. We can
see that the second set of the equilibrium points is unstable.
Figure 3 shows the unstability of the particle positions which
converge to other points.

In the presence of nonlinear particle interactions, with the
same system parameters x,7y and § = 1, solving (21), we
obtain the following two sets of the equilibrium points for

(¢17 (bh ¢25 (éQa ¢37 ¢3) at:

Casel:  (0.0001,0,0.0004,0,6.2827,0)
Case2 : (0.01,0,3.14,0,6.27,0)

Q2 = (24)

For Case 1, we obtain (03 as defined in (23):

—1.2598  0.2598 0
Qs = —0.0005 —1.2593 0.2598 (25)
0 0.5195 —1.5195

whose eigenvalues are all negative. Therefore, the first set of
equilibrium points is asymptotically stable, which is shown

in Figure 4.
For Case 2, we obtain Q3 as the following:
—0.9896 —0.0104 0
Qs = —0.0104 1.0207 —0.0104 (26)
0 0.5086 —1.5085

whose eigenvalues have mixed signs. Therefore, the second
set of equilibrium points is unstable. Figure 5 demonstrate
it.

VI. CONCLUSION

We studied stability of coupled oscillators motivated by
the FK model. The FK model characterizes the fundamental
physics in many physical problems. The open-loop system
of the FK model represents interconnected oscillators that
have locally stable or unstable equilibrium points. We reveal
the stability of the coupled system in the presence of linear
and nonlinear particle interactions, respectively. Direct lin-
earization is applied and a similarity transformation is found
to facilitate the stability study of high-dimensional linear
systems. The model can be applied to explain phenomena
in atomic-scale friction and other systems whose dynamics
can be described by the FK model.
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—C11 — COS T c11 0
11

c21 — (€21 + cag + cosxy;) c22
Qs =

0 CN—-1,1

0 0

0
0
(en-11+en-1,2 +CosTN 4 4) CN—1,2
CN9 —CN2 — COS Ty

(23)
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APPENDIX

Lemma for the Proof of Theorem 1

Lemma 1 ([30], page 171): If A is an n X n real symmet-
ric matrix, then there always exist matrices L and D such
that LTL = LLT = I and LALT = D, where D is the
diagonal matrix of eigenvalues of A.

Lemma 2 ([27]): Let A = [aij];szl € R™*™ and assume
that a;; > 0 for each i and a;; < 0 whenever i # j. If A is
diagonally dominant, that is,

n
Qg5 > E |aij|, 1=1,2,...,n,
J=1.3#1

or, if A is irreducible and

n
aij 2 Z la;;|, i=1,2,...,n,
J=1,3#1

with strict inequality for at least one 4, then A is an M-matrix.
A symmetric M-matrix is positive definite.

Lemma 3 ([31], Appendix A): Define the set W consist-
ing of all zero row sum matrices which have only nonpositive
off-diagonal elements. A matrix A € W satisfies:

1) All eigenvalues of A are nonnegative;
2) 0 is an eigenvalue of A;
3) 0 is an eigenvalue of multiplicity 1 if A is irreducible.
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