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Abstract— We study the problem of generating continuous
steering control for robots to completely cover a bounded region
over a finite time. First, we pack the area by disks of mini-
mum number, and then a neural network based path planning
method is adopted to generate complete coverage paths avoiding
collisions with stationary and moving objects. Smooth trajectory
is developed using parametric polynomial approximation, and
continuous steering control is designed to track the trajectory
exactly. The algorithm works for car-like robots which have
nonholonomic motion constraints, and the control inputs are
represented by analytic functions of trajectory parameters. The
design is finally extended to cooperative sweeping of multiple
robots. Satisfactory performances are observed in simulations.

Index Terms— Complete coverage, path planning, motion plan-
ning, nonholonomic systems.

I. INTRODUCTION

Complete coverage path planning has received increasing
research attention during the past decade. It requires the
robot’s end-effector or sensors to cover a complete area.
Applications include cleaning robots ([6]), painter robots, lawn
mowers, de-mining, land mine detection, search and rescue,
security patrolling ([9], [11]), and sensor networks ([1], [5]).
Comparing to the large amount of work in conventional path
planning between a start and a goal, there are few mature
methods for dynamic environments, and the performances of
the methods remain hard to measure. Particularly, there’s little
work reported that studies feasible trajectory generation for a
car-like robot. We consider the problem of generating feasible
trajectories for mobile robots to completely cover a bounded
region, and design steering control input to drive the robot on
the paths.

There are various methods used for complete coverage path
planning, to name a few, distance transform ([16]), cellular
decomposition ([4]), spanning tree ([8]), template based model
([13]), and neural networks ([15]). Distance transform method
uses a distance wave front to flow around obstacles and
eventually through all free space in the environment. To
achieve the complete coverage path planning, the robot follows
the path of steepest ascent instead of conventional steepest
descent to reach a goal. In [4], the author proposed boustro-
phedon cellular decomposition approach by breaking down the
workspace, and allowing the robot to cover each cell like the
ox. While many results work in environments with stationary
obstacles, the authors of [15] presented a novel neural network

approach for nonstationary environments. Complete coverage
paths are generated from a dynamic activity landscape of the
neural network and the previous robot location. The dynamics
of each neuron in the topologically organized neural network
is characterized by a shunting equation derived from Hodgkin
and Huxley’s membrance equation ([12]).

There is little or none consideration of physical robot’s
kinematic motion constraints in complete coverage path plan-
ning of existing literature. Since the complete coverage paths
have frequent turns, from the performance point of view, it’s
necessary to design continuous steering control to replace the
zig-zag motion. In this paper, we plan complete coverage
paths based on neural network method, and generate smooth
trajectories using parametric polynomials. Then using the
concept of differential flatness, we design continuous steering
control input for a mobile robot to exactly track the trajectory
generated. We also extend the method to cooperative coverage
of multiple robots. Simulation results demonstrate satisfactory
performances of four robots’s cooperative sweeping in a
bounded region with both stationary and moving objects.

II. PROBLEM STATEMENT

Consider a car-like mobile robot shown in Fig. 1. The front
wheels of the mobile robot are steering wheels and the rear
wheels are driving wheels with a fixed forward orientation.
The kinematic model of the mobile robot can be written as⎡
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0
0
0
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⎥⎥⎦u2 (1)

where q = [x, y, θ, φ]T is the system state, (x, y) represents
the Cartesian coordinates of the middle point of the rear wheel
axle, θ is the orientation of the robot body with respect to the
X-axis, φ is the steering angle; l is the distance between the
front and rear wheel-axle centers, ρ is the radius of rear driving
wheel; u1 is the angular velocity of the driving wheels, and u2

is the steering velocity of the front wheels. φ ∈ (−π/2, π/2)
due to the structure constraint of the robot.

For the robot described as above, the complete coverage
control problem is defined as:

Given a connected and bounded region with stationary or
moving objects, find continuous steering control under which
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Fig. 1. A car-like robot

the robot moves collision-free and completely covers the region
over a finite time.

We make the following assumptions:
Assumption 1: The robot’s coverage range (by its end-

effector or detection sensors) is described by a circle of radius
Rc.

Assumption 2: The positions of the stationary obstacles are
known, which are represented by coordinates in a pre-existing
map; and the positions and the speeds of moving obstacles
are detected by the robot’s onboard sensors so that an updated
map with the positions of moving obstacles available real time.

III. COMPLETE COVERAGE PATH PLANNING

In [10], the authors proposed a path planning algorithm
for complete region coverage. It first packs the bounded
region with disks of radius Rc. It was shown that the disk
placement pattern in Figure 2 has a minimum number of
disks to cover a rectangle. Since the radius of the disk is
the same as the coverage range of robot’s sensors, complete
coverage with minimum repeated coverage can be achieved
by visiting every center of the disks. Complete coverage path
planning is then to find the sequence to visit the centers.
A path planning algorithm was proposed to find a complete
coverage path in [10]. However, the algorithms works only
in environments without obstacles. In [15], a neural network
approach was developed for complete coverage path planning
in a nonstationary environment. We modify the algorithm
corresponding to our data structure and generate collision-free
complete coverage paths.
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Fig. 2. Covering a rectangle using a minimum number of disks

The basic idea of the neural network approach is to generate
a dynamic landscape for the neural activities, such that through
neural activity propagation, the uncleaned areas globally at-
tract the robot in the entire state space, and the obstacles
locally repel the robot to avoid collisions. The dynamics of
each neuron in the topologically organized neural network is
characterized by a shunting equation derived from Hodgkin
and Huxley’s membrane equation ([12]). The robot path is
autonomously generated from the activity landscape of the
neural network and the previous location. The neural network
model is expressed topologically in a discretized workspace.
The location of the neuron in the state space of the neural
network uniquely represents an area. In the proposed model,
the excitatory input results from the unclean areas and the
lateral neural connections, whereas the inhibitory input results
from the obstacles only. The dynamics of the neuron in the
neural network is characterized by the following equation:

ẋi = −Axi + (B − xi)

⎛
⎝[Ii]+ +

k∑
j=1

wij [xj ]+

⎞
⎠

−(D + xi)[Ii]− (2)

where k is the number of neural connections of the ith neuron
to its neighboring neurons within the receptive field. Six
neighbors of a point (neuron) is shown in Fig. 3.

Fig. 3. Six neighbors of a neuron

The external input Ii to the ith neuron is defined as

Ii =

⎧⎨
⎩

E if it is an unclean area
−E if it is an obstacle area
0 otherwise

(3)

where E >> B is a very large positive constant. The
terms [Ii]+ +

∑k
j=1 wij [xj ]+ and [Ii]− are the excitatory

and inhibitory inputs respectively. Function [a]+ is a linear
threshold function defined as [a]+ = max{a, 0}, and [a]− =
max{−a, 0}. The connection weight wij between the ith and
the jth neurons is 1 if they’re neighbors or 0 if they are not
neighbors.

To make the path having less navigation turns, for a current
robot location pc, we select the next point pn within the
uncleaned neighbors according to:

xn = max{xj + (1 − Δθj

π
), j = 1, 2, . . . , k} (4)

where k is the number of neighboring neurons, xj is the
neuron activity of the jth neuron, Δθj is the absolute angle
change between the current and next moving directions, i.e.,
Δθj = 0 if going straight, and Δθj = π if going backward.

1705



3

After the robot reaches its next position, the next position
becomes a new current position. Because of the excitatory
neural connections in (2), the neural activity propagates to the
entire state space so that the complete coverage is achieved.

A complete coverage path in an environment with stationary
obstacles is shown in Figure 4. It is shown that the path
completely covers the bounded region without covering a
point twice. Note that in a trap situation, that is, there is
no uncleaned neighbors, the neighbor’s neighbors become
the neighbors of the neuron, so that uncleaned area can be
continuously searched. This can be seen from the right bottom
and top middle parts of the figure. The algorithm works for
moving obstacles if the speed of the obstacles are known,
since the landscape activities of the environment are updated
dynamically in the algorithm.
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Fig. 4. Complete coverage paths, the dark rectangles are stationary obstacles

IV. COMPLETE COVERAGE CONTROL DESIGN

A. Smooth Trajectory Design

After the complete coverage paths are generated, we need
to develop feasible trajectories so that continuous steering
control can be designed. The method we use is inspired by
the method presented in [14] for generating smooth irregular
curves through an arbitrary set of points in a plane.

We consider a local subset of six points to define sequen-
tially a local polynomial approximation to the curve between
the third and fourth points in the local subset. After each step, a
new point is added and the first point is deleted. It iteratively
generates polynomial segments between adjacent points and
there is no slope discontinuity. We add two pseudo-points at
the beginning of the path so that the first point in the path
becomes the third point in the process. Define a cumulative
polygon approximation to arc length for each point in the data
subset as

s1 = 0
sk = sk−1 + [(xk − xk−1)2 + (yk − yk−1)2]1/2,

k = 1, 2, . . . , 6 (5)

So s is single-valued and monotonically increasing. Use cubic
polynomials to generate three curves: the left, which uses the
first 4 points in the data subset, the middle, which uses the

middle 4 points, and the right, which uses the last 4 points in
the 6-point data subset. Since boundary conditions are well-
defined as:

(s, x, y)L = {0, x1, y1; s2, x2, y2; s3, x3, y3; s4, x4, y4},
(s, x, y)M = {s2, x2, y2; s3, x3, y3; s4, x4, y4; s5, x5, y5},
(s, x, y)R = {s3, x3, y3; s4, x4, y4; s5, x5, y5; s6, x6, y6},

the cubic polynomials are generated as

x = a1 + a2s + a3s
2 + a4s

3,

y = b1 + b2s + b3s
2 + b4s

3, (6)

where the constant coefficient matrices can be calculated as

A = S−1X

B = S−1Y (7)

where S and X are appropriate matrices defined from the
boundary conditions. That is, for each of the Left, Middle,
Right polynomials, we have

AL = [a1L a2L a3L a4L]T

BL = [b1L b2L b3L b4L]T

Replacing L by M, R to get AM , BM , AR, BR

XL = [x1 x2 x3 x4]
T

XM = [x2 x3 x4 x5]
T

XR = [x3 x4 x5 x6]
T

Replacing X by Y to get YL, YM , YR

SL =

⎡
⎢⎢⎣

1 0 0 0
1 s2 s2

2 s3
2

1 s3 s2
3 s3

3

1 s4 s2
4 s3

4

⎤
⎥⎥⎦

SM =

⎡
⎢⎢⎣

1 s2 s2
2 s3

2

1 s3 s2
3 s3

3

1 s4 s2
4 s3

4

1 s5 s2
5 s3

5

⎤
⎥⎥⎦

SR =

⎡
⎢⎢⎣

1 s3 s2
3 s3

3

1 s4 s2
4 s3

4

1 s5 s2
5 s3

5

1 s6 s2
6 s3

6

⎤
⎥⎥⎦

(8)

The approximation for the unknown curve between the third
and fourth points of the subset makes use of the preliminary
cubic polynomials to obtain slopes and the rate change of
slope. That is, for the third point,

dx

ds

∣∣∣∣
s3

=
1
2

[
dxL

ds

∣∣∣∣
s3

+
dxM

ds

∣∣∣∣
s3

]
, (9)

dy

ds

∣∣∣∣
s3

=
1
2

[
dyL
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∣∣∣∣
s3

+
dyM

ds

∣∣∣∣
s3

]
, (10)

d2x

ds2

∣∣∣∣
s3

=
1
2

[
d2xL

ds

∣∣∣∣
s3

+
d2xM

ds2

∣∣∣∣
s3

]
, (11)

d2y

ds2

∣∣∣∣
s3

=
1
2

[
d2yL

ds2

∣∣∣∣
s3

+
d2yM

ds2

∣∣∣∣
s3

]
. (12)
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Replacing the left and middle polynomials with the middle
and right ones respectively, we obtain similar equations for
the fourth point. The slope and rate change of slope at the
third and fourth points are used as boundary conditions for
the curve generated between these two points. Therefore, we
obtain a fifth order polynomial between the third and fourth
points:

x = c1 + c2s + c3s
2 + c4s

3 + c5s
4 + c6s

5,

y = d1 + d2s + d3s
2 + d4s

3 + d5s
4 + d6s

5. (13)

The coefficients are obtained by boundary conditions, i.e.,

C = S−1X

D = S−1Y (14)

where

C = [c1 c2 c3 c4 c5 c6]
T

D = [d1 d2 d3 d4 d5 d6 ]
T

X =

[
x3 x4

dx

ds

∣∣∣∣
s3

dx

ds

∣∣∣∣
s4

d2x

ds2

∣∣∣∣
s3

d2x

ds2

∣∣∣∣
s4

]T

Y =

[
y3 y4

dy

ds

∣∣∣∣
s3

dy

ds

∣∣∣∣
s4

d2y

ds2

∣∣∣∣
s3

d2y

ds2

∣∣∣∣
s4

]T

S =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 s3 s2
3 s3

3 s4
3 s5

3

1 s4 s2
4 s3

4 s4
4 s5

4

0 1 2s3 3s2
3 4s3

3 5s4
3

0 1 2s4 3s2
4 4s3

4 5s4
4

0 0 2 6s3 12s2
3 20s3

3

0 0 2 6s4 12s2
4 20s3

4

⎤
⎥⎥⎥⎥⎥⎥⎦

(15)

Figure 5 shows the process, that is, by generating the
left, middle, right curves of 6-point data set, a smooth curve
between the third and fourth points is generated.
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Fig. 5. Generating polynomial approximation of 6-point data set

Repeating the above process by adding one point at the end
and deleting the first point in the subset, the middle and right
polynomials becomes the left and middle ones respectively
for the next subset, so the resulting polynomials between
the fourth and fifth points join smoothly with the previously
determined curve between the third and fourth points. In

another words, the second-order derivatives at any points of
the trajectory are continuous.

The generated smooth curve on the complete coverage path
is shown in Figure 6. Note that this step of smooth trajectory
design id necessary for steering control design of the mobile
robot.
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Fig. 6. Smooth trajectory

B. Steering Control Design

It is well known that car-like robots have nonholonomic
constraints in their kinematics and movement from one config-
uration to the other is done through steering ([2], [3]). We use
differential flatness for the design of steering control. Recall
that a system is defined differential flatness if there exists a
set of outputs, such that all states and inputs can be expressed
in terms of the outputs and their finite-order derivatives, see
[7]. From (1), we obtain:

dy

dx
= tan θ

d2y

dx2
=

tan φ

l cos3 θ
(16)

It is clear that θ, φ can be represented by the derivatives of
the flat outputs, defined as x, y. Since x, y are parametric
polynomials in (13), assuming s = t, we obtain:

θ = arctan
d2 + 2d3s + 3d4s

2 + 4d5s
3 + 5d6s

4

c2 + 2c3s + 3c4s2 + 4c5s3 + 5c6s4
,

φ = arctan l cos3 θ
2d3 + 6d4s + 12d5s

2 + 20d6s
3

2c3 + 6c4s + 12c5s2 + 20c6s3
,

u1 =
c2 + 2c3s + 3c4s

2 + 4c5s
3 + 5c6s

4

cos θ
, (17)

u2 = φ̇ =
1

1 + z2

dz

ds
(18)

where

z = l cos3 θ
2d3 + 6d4s + 12d5s

2 + 20d6s
3

2c3 + 6c4s + 12c5s2 + 20c6s3
,

cos θ =
c2 + 2c3s + 3c4s

2 + 4c5s
3 + 5c6s

4

√
Λ

,

Λ = (c2 + 2c3s + 3c4s
2 + 4c5s

3 + 5c6s
4)2

+(d2 + 2d3s + 3d4s
2 + 4d5s

3 + 5d6s
4)2.
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Therefore, the steering control (17) and (18) can be calculated
analytically without taking differentiation. Using them, the
planned trajectory will be tracked exactly by the robot.

V. COOPERATIVE COVERAGE OF MULTIPLE ROBOTS

In the case of multiple robots to conduct a cooperative
coverage, we first partition the region into M approximately
equal sub-regions, where M is the number of the robots.
Inspired by the fact that a collection of smaller polygon pieces
can be arranged to form different polygons, we use the disk as
the basic unit to form bigger sub-regions. If n circles are used
to cover a bounded region, we divide it by M and round it
up to a whole number k, and the resulting connected k circles
forms a sub-region. The algorithm starts from the center of a
circle near the boundary, and we keep a list which expands
itself by adding its neighboring centers until the total number
of points in the list equal to k; then the next neighbor point
becomes the starting points for the next sub-region. Repeat
the process for the M − 1 times, and what’s left is the M
sub-region.

VI. SIMULATION RESULTS

We have run extensive simulations of the proposed com-
plete coverage control algorithms using Matlab. Cooperative
coverage trajectories for four robots are shown in Figure 7.
We have an animation to show that a region with stationary
and moving obstacles is completed covered by four robots’
cooperative sweeping over time. Figure 8 shows the result.
We observed from the simulations that minimum repeated
coverage is achieved and minimum numbers of backups are
needed in a random shaped area.

VII. CONCLUSIONS

We have considered complete coverage control for nonholo-
nomic mobile robots. First, we pack a rectangle with disks of
minimum number, and then plan a complete coverage path
going through all centers of the the disks using the neural
network method. A smooth trajectory is then generated using
parametric polynomials of fifth-order, which ensure continuity
of second-order derivatives at any point of the trajectory.
Finally, open-loop steering control is designed based on dif-
ferential flatness of the system. Since the smooth trajectory
is an analytical function of parameters such as the time,
the steering control can be calculated analytically, which is
computationally less expensive than numerical methods, and
works for online planning and control. Future work includes
experimental tests of the algorithm on a team of Amigobots.
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