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Abstract— We consider the tracking control of a nonholonomic
mobile robot with parameter uncertainty and unknown dynam-
ics. A new robust adaptive controller is proposed with the aid
of adaptive backstepping and robust control techniques. The
proposed controller guarantees that the tracking error converges
to a small ball containing the origin. The ball’s radius can
be adjusted by control parameters. Uncertainties in both of
kinematics and dynamics of mobile robots are considered of
the first time in the frame of robust and adaptive control in
this paper. Simulation results show effectiveness of the proposed
controller.

I. INTRODUCTION

There has been a growing interest in the design of feedback
control laws for mechanical systems with nonholonomic
constraints in recent years. A well-known fact is that a
nonholonomic system cannot be asymptotically stabilized to a
rest configuration by continuous pure-state feedback laws due
to Brockett’s necessary condition for the asymptotic feedback
stabilization [1]. To overcome the limitation imposed by the
Brocket’s necessary condition, a number of approaches have
been proposed in the last decade. Among these results, on the
stabilization problem of the nonholonomic kinematic systems
without uncertainty, there are time-varying feedback laws,
discontinuous feedback laws, hybrid feedback laws, etc. For
details, refer to [12] and the references therein.

Besides the stabilization problem of the nonholonomic
systems, the tracking control problem is more interesting in
practice. Based on whether the system is described by a
kinematic model or a dynamic model, the tracking control
problem of the system is classified as either a kinematic or
a dynamic tracking control problem. The kinematic tracking
control problem has been widely studied in recent years.
With the aid of the linearization technique, a local tracking
controller was proposed in [11] for a nonholonomic wheeled
mobile robot. In [18], Walsh et al. proposed a continuous lin-
ear local exponential controller with the aid of the linearized
model. In [6], local controllers were also proposed with the
aid of the linearization technique. Based on the dynamic
feedback linearization and the differential flatness concept,
the dynamic controllers with singular points were proposed
in [3][7]. In [9], global tracking controllers were proposed
for nonholonomic wheeled mobile robots. With the aid of the
backstepping technique, semi-global tracking controllers were
proposed in [10] for a more general nonholonomic system in
chained form.

The dynamic tracking control problem of the nonholo-
nomic system has received more attention in recent years.
One of the reasons is that most of practical nonholonomic
mechanical systems are dynamic systems. The dynamics
of the systems usually cannot be neglected in the control
when high performance of the closed system is required. In
addition, control laws using velocities based on kinematic
models only cannot be directly applied to practical dynamic
systems which require forces as inputs. Usually, the control
laws of the nonholonomic dynamic systems are obtained
by simply integrating the control laws of the nonholonomic
kinematic systems. However, simple integration requires exact
dynamics of the systems which is hard to obtain. Considering
practical applications of nonholonomic systems, the difficulty
in modeling practical systems exactly, and the unavoidable
disturbances in control, effective tracking control design of
uncertain nonholonomic systems needs be studied. In [16],
Su and Stepanenko studied the tracking control problem of
the dynamic nonholonomic systems with unknown inertia
parameters, and an adaptive controller was proposed. Chen et
al. discussed the dynamic tracking problem of the uncertain
nonholonomic systems in [2], and a robust H., controller
was proposed. However, the proposed controllers in [16][2]
can only guarantee partial states of the system to track the
desired states. In [6][8], the dynamic tracking problem of a
wheeled mobile robot was studied, and a neural network based
controller was proposed. In [4][5][17], the dynamic tracking
problem of the nonholonomic systems with uncertainty in
the dynamics was discussed. Robust and adaptive controllers
were proposed with the aid of suitably defined errors and the
Barbalat’s lemma.

From a review of the literature, most of the results on the
dynamic tracking problem of the nonholonomic systems are
proposed based on the assumption that the kinematics of the
system is exactly known and there are only uncertainties in the
dynamics of the system. However, in practice, there is uncer-
tainty in the kinematics because some geometric parameters
may not be known exactly. In this paper, we will study the
tracking control problem of a wheeled robot with uncertainties
in both kinematics and dynamics. It is assumed that there are
parameter uncertainties in the kinematics and both parameter
and non-parameter uncertainties in the dynamics of the robot.
To solve the tracking control problem with parameter and non-
parameter uncertainties, adaptive backstepping, robust control
techniques and the passivity property of the system are used



to design the controller. The novelty of the results is that
a systematic controller design procedure is proposed for the
tracking control problem of the nonholonomic mobile robot
with uncertainties in both kinematics and dynamics. The
proposed controller design method can be applied to tracking
control of more general dynamic nonholonomic systems with
uncertainties.

II. PROBLEM STATEMENT

Consider a wheeled mobile robot moving on a horizontal
plane (Figure 1). The robot is constituted of a rigid body, two
fixed rear wheels and one steering wheel. Two torque motors
are equipped in the front wheel for driving and steering.
Given a differentiable simple curve (C) defined by one of
its point, the unitary tangent vector at this point, and its
curvature curv(s) with s being the curvilinear coordinate
along the curve, for a point @) in the curve (C), assume that
the curvilinear coordinate at @ is s. Let {Q,T'(s), N(s)} be
the Frenet frame on the curve at point (), assume curv(s)
is bounded and R be a maximum positive constant such that
|curv(s)] < 1/R(Vs) (choose R to be a very large constant
if curv(s) = 0). If the distance between P and the curve
(C) is smaller than R, the position of P is parameterized by
(s,d), where d is the coordinate of P along N (s). The robot’s
configuration is parameterized by ¢ = [¢1,q2, g3, q4]T =
[s,d,0,3])T, where 6 is the angle between PF and T'(s) and
[ is the steering angle of the front wheel with respect to the
robot body. By the classic law of Mechanics and also the
results in [15], one has
V1 COS (@3

o 1—curv(g)ge’
Q2 = V1811 (Q3,

Q1=

. vitanqy  vicurv(qr) cosqs (D
g3 = - )
l 1 — curv(q1)ge
q.4 = U2,
M(q)v + C(g,¢)v + G(q) = B(g)T 2)

where [ is the distance between the two points P and F),
vy is the velocity of the point P, vs is the angular velocity
of the steering wheel, M (q) is a bounded positive definite
symmetric inertia matrix, C'(¢, )¢ is centripetal and Coriolis
torques, G(q) is the gravitational torque, B(g) is the input
matrix, 7 is the control input, and the superscript 17" denotes
the transpose.

For (1)-(2), it is assumed that

1. In (1), I is not exactly known, i.e., | € [l;nin, lmaz] Where
lmaz(> 0) and lpin (> 0) are known;

2. In (2), the matrices M(q), C(q,q), and G(g) are un-
known but are bounded by known functions far(q), fo(q,q)
and fc(q), respectively, i.e.,

IM()ll < far(a); [Cg, DI < fela 4), 1G] < falq).

3. In (2), the expression of B(q) is known. In fact, it can
be easily derived that

B(q) = diag[1/(r cos gs), 1]

Curve (C)

Figure 1. Configuration of a wheeled mobile robot.

where 7 is radius of the driving wheel. In B(q), it is assumed
that 7 is not exactly known, i.e., ¥ € [Fimin, "maz| Where
Tmin (> 0) and 7, (> 0) are known.

Control Problem: Given a desired simple curve (C) and
a desired velocity vy (t) of the robot, for (1)-(2), the control
problem in this paper is defined as finding a controller 7 such
that

tlim q2(t) =0, tlim qs(t) =0, tlim (v1(t) —vi(t)) = 0.

Remark 1: Noting that the assumption |curv(qi)| < 1/R,
(1) is well-defined if |g2] < R and |g4] < 7/2. In the
controller design, these conditions will be guaranteed if
|g2(0)] < R and |g4(0)| < 7/2.

In (2), the following well-known property is satisfied [16].

Property 1: For a suitably defined C(q, ), (M — 2C) is
skew-symmetric.

III. BACKSTEPPING DESIGN PROCEDURE

To deal with parameter uncertainties and non-parameter un-
certainties in (1)-(2), the adaptive backstepping technique [13]
and the robust techniques are used to design the controller.

Assume |¢2(0)| < R, |¢3(0)| < 7/2, |q4(0)| < 7/2, let

b=1/l,u1 =v1cosqs/(1 — curv(qi)gz),
U = V2,92 = [ana07 1]T7

g1 = [1,(1 — curv(q1)g2) tan g3, —curv(q: ), 0],
g3 = [0,0, (1 — curv(qi)gz) tan q4 /cos g3, 0],
(1)-(2) can be written as
G = g1u1 + gaua + bgsus, (3)

M(q)u+ Ci(g, Q)u+ Gi(q) = Bi(q)T 4)
where
Mi(q) = 9" (q)M(q)¥(q),
Ci(q, ) = ¥ (q)(M(q)¥(q) + C(p,p)¥(q)),
Gi(q) = 97 (¢9)G(q),
Bi(q) = diag[(1 — curv(q1)ge)/(r cos g3 cos qa), 1],
U(q) = diag[(1 — curv(q1)g2)/ cos g3, 1].
Step 1: Introducing @; = w; — vj, if u; were the actual
control input, one had #; = 0 and u; = vj. Let

zo = h(g2)



where h(ge) is a smooth monotonic function which maps
(=R, R) onto (—o0,+00) with the first derivative (with
respect to go) strictly larger than a positive real number and
such that h(0) = 0, then

. * * *
Zo = viLg 2+ usLlg,z0 4+ bvi Ly, 22 = v] Ly, 22, (5)

where L, z; is Lie derivative of z; along g;. Hereafter L
means Lie derivative in this paper.
Introducing
z3 = Lglzg — a3,

if Ly, zo were the actual control input, one had z3 = 0 and
L4, z2 = az. Let Lyapunov function

1
1/2 = E’zga
to make )
‘/2 = —k‘gZ%U;
we choose
a3 = —k2227 (6)

where constant k(> 0) is a design parameter.
Since Lg, 2o is not the control, z3 # 0. So

Vo = —k2z§v{ + 292307 .

The second term zoz3v] will be cancelled at the next step.
The closed-loop system (5) with (6) is

29 = —kozov] + 2307 7
And
i3 = wiL7 2 — k3200] + kozav} 4 buf Lg, Ly, 2. (8)
Step 2: Introducing z4 = Lgl 29—y, let Lyapunov function
V=g (+ )+ 5o - b
where constant 1 (> 0) is a design parameter, then
Vs = —koz2vF + 23(24 + 22 - k220 + koz3 +3L93Lglz2
+a)o +77 (0 = )b~ 1107 23Lg, L, 22).
If th 2o were the actual control input, one had z4 = 0. To

make
Vs = —kozav} — kzzsv},
we would choose
b = (,
ay = —(kg + k3)Z3 — (1 — k%)ZQ — bngLgle, 9
where
G = mvizzlgsLy, 22,
constant k3(> 0) is a design parameter.
Since Lgl zo is not the control, z4 #Z 0 and we do not use

b= (1 as an update law in the control. Then

Vs = —koz2v} — k3z2v} + 232407 + ’yl_l(g— b)(/l;— (1).

The third term z3z4v] will be cancelled at the next step. The
closed-loop system (8) with (9) is
Z3 = —ksz3v] + z240] — 2207 + (b —Z)UTL%LngQ.
And
2.4 = ’UikLngQ + (]{32 + ]433)24’01K — (kjgl?g + k‘g —1
+k2) 250} — (2ky — k3 + k3) 2907 + bLg, Ly, 22
‘tbvikLgl LgyLg 22 + (k2 + kB)(b: b)viLg,Lg, 22
—I—bbvi‘LiS Ly, 23 + buy Ly, L§1 29 +bugLg,Lg, Ly, 2o.
Step 3: Introducing @y = ug — as, let Lyapunov function
1 1 1~
Vi=35(z+ 28 +20) + 50 (0-b)?,

then

Vi = —ko23vl — k3z3vl + z4fzavt + ’UTLZl,ZQ + (ko
+k3)Z4UT — (kgkg.—ﬁ- k% -1+ k%)zw’{ - (2]€2
—k3 + ks)z2vy +/b\Lgs Lg, 22 +BUTL91L93 Lg, 22
F0*0T LY, L, 20 + bvi Lo, L 25 + b(iia
+Oc5)L92 Lgs Lg1 Z2] + ’Y;l(b - b) (b
711(ZSUTL93L91 z2 + 24[(k2 + k3)UTL93 Lgl 22
+0vi L2, Ly, 2o + v} Lg, L2 2])).
If uy were theA actual control input, one had s = 0. The
update law of b is chosen as

. ~ if b€ (by,by), or b=by, ¢ >0

S —61(b—1b < n ’ ’

h— G2 — i 0): orb=by,( <0
—61(b—1bg), ifb=0b,(<0, 0orb=0b, (>0

(10)
where b; = 1/l4. and b, = 1/lpn, constants 61 (> 0) and
bo(€ (b, by)) are design parameters, and (s, is defined by

CQ = <1+71Z4UT[(]<52+I{73>L93L91 22+/I)\LS2]3L9122+L93L31 22].
The virtual control «s is chosen as

ap = [—kazqvy — 2307 — vi‘Lgl zo — (ko + k3)z4v7
+(koks + k3 — 1+ k3)23v] + (2ke — k3 + k3) 200}
+II — bvi Ly Ly, Ly 2o — bzv’ngngl z9
—bv’nggLﬁl 22|/ (bLgy Lg, Lg, 22)

where

I = —(\/1+ 2+ 611/1+ (b—b)2)Lg, Ly, z2%
tanh(z4(\/1 4 G2 4+ 61\/1 + (b — bo)2) Ly Lg, 22)/52),

constants k(> 0) and J2(> 0) are design parameters. as is
the third stabilizing function. Then

7{151
2

Lo ['o

~ B0 = b0)? + (6= o) + i,

2, 2, 2,
—kazyv] — k3zzvy — kazivy —

(b—b)?

where p satisfies p = e~ PtV (i.e.. p = 0.2785) [14].
Remark 2: By the relation between z and ¢, boundedness
of zo, z3 and z4 guarantees that ¢ € (—R,R), q3 €



(=m/2,m/2) and q4 € (—m/2,7/2). The update law (10)
guarantees b € [b;,b,] all the time. Therefore, a5 is well-
defined.

Since ug is not the control input, us # 9 However, we
will choose (10) as the final update law of b in the control.
Then

V4 < fkgzgvik — kSZ'g%'U]_ k4Z4U1 + Z4bL02L03L91z2u2
—16 o~
0% (b —b)2 — (b bo)? + (b bg)? + pda.
And
24 = —k4z41{’1“ — z3v] + ﬂszgngngl 22

+L93Lgle3+ I + (b — b)[bL2, L, 22
+L93L9122 + (/{72 + k3)Lg3Lg122]Uf.
Step 4: Since w; is not the control input, %; # 0. Let
U = [ﬂl, ﬂQ]T and

n= [}, a5, (11)

then
Myt = By — Crio— (Myin+ Cin+Gy).  (12)

In (12), M;, Cy and G; are unknown but are bounded by
known functions, i.e.,

M@l < fur (@ ®(@I?
1C1 (g, )l < (fe(a) + far(D) ¥ (@) DI ()],
1G1()] < fa(@ll[¥()]-

Also in By, r is unknown.
Define ¢ = 1/r, let € be the estimates of ¢, we choose the
control law

7 =B ~Kyi+ A+ A (13)

where K, is a positive definite matrix, and By is the value
of Bj corresponding to the estimate ¢, i.e.,

By = diag[e(1 — curv(q1)qz)/ cos gs cos a, 1].

A and A will be determined next. Then

Myii = - pa—clajA—(M1ﬁ+Cln+G1)
+A + (B1 — Bl)’l'.
Let
Vs = L4224zt a M+t (b-0)?
+751(8_ 0)2]7
then
‘./5 = 7]g2z§1)1‘ — kJZ%’UT — k4227}f + Z4L93Lgl ZQ/I;+ 2411

+pY1_ (i; b)[b - Z3u1Lg3Lg122 Z4U1(bL Lg122
+L93Lglz2 + (k2 + k3)Lgy Ly, 22)] — 0T Kpa + [aT A
(k222 + k323 + k3424)u1 + Z4(bngLg3 Lg, 22
+L92Lglz2)u2} e C)(E, Y2171 (1 tmv(ql)qz))

COS q3 COS q4
+a(A — (M + Cin + Gy))

where 7 is the first element of 7.

If we choose the update law b as in (10), the update law
of ¢ is
Yoty 71 (1 — curv(qr)g2)
COS g3 COS Q4
if ¢ € (¢,cu), orc=g¢,
171 (1 — curv(q1)ga)

— (51(/0\* Co),

>0, or ¢ = ¢y,

. COS (3 COS
= Uy (1 — CW’Ug(h Q2) (14)
COS 3 COS ¢4
N 1_
—m@—mxﬁez%“”“ curvld)g:)
} COS (3 COS Q4
<0, ore=c, 171 (1 — curv(gr)q2) >0,
COS 3 COS 4
and
A - o XE
M+ o’
x = fu@IC@IF0l+ fe(@)|¥(q)]
+(fola) + P @I% (@) NI ()]l
A o kzZ% + ng% + k‘422

—24bL g, Lg, Lg, 2

where v2(> 0) and ¢o(€ (¢, ¢,,)) are design parameters, ¢; =
1/Tmaz, and ¢, = 1/7rpn, then

—1
) 51 ~
Vs < —kozav} — k3zivi — kyziv} — %(b —b)?
-1 —
—aT Ky — 72751 (€—c)* + %le(b — bp)?
—1
+761(C_CO) +(p+ 1)62 (15)

IV. MAIN RESULTS AND DISCUSSIONS
A. Main Results

With the aid of the preceding design procedure, one has
the following result.

Theorem 1: With the controller (13) and the update laws of
b and ¢ defined in (10) and (14), respectively, if vy (t) > e >
0, then z;(2 <i <4), a (b —b), and (¢ — ¢) are uniformly
bounded and exponentially converge to a small ball containing
the origin. The radius of the ball can be adjusted by the design
parameters.

Proof: It can be proved that the modified projection
algorithm (10) guarantees that b € [b;,b,], therefore as
is well-defined all the time. With the update law (14), it
can be proved that ¢ € [c, ¢,]. So the control law (13) is
well-defined. Therefore, all variables in the system are well-
defined. Differentiating V5 with respect to time along the
closed-loop system, one has (15). Therefore,

Vs < —u1 Vs + pia (16)

where 111 is a positive constant which depends on the control
parameters, and

p2 = —71_261 (b—bo)?
So

+ 72—;151(0 —¢c0)?+ (p+1)d.

K2

Vs(t) < (V5(0) e

_ &)e—ﬂlt 4
H1



~

2:(2 <i<4),a, (b—0), and (¢ — c) are uniformly bounded
and exponentially converge to a small ball. The radius of the
ball can be adjusted by the design parameters v, (1 < i < 2),
51, bo, Co, and (52. | |
With the aid of the state transformation and Theorem 1,
one has the following result.
__ Theorem 2: With the controller (13) and the update laws
b and ¢ defined in (10) and (14), respectively, if |g2(0)| <
R, |g3(0)] # 7/2, 1qa(0)| # m/2, and vi(t) = €, > 0,
then ¢;(2 < ¢ < 4), (v —v7), (b—b), and (¢ — ¢) are
uniformly bounded and converge to a small ball containing
the origin. The radius of the ball can be adjusted by the design
parameters. R
Proof: By Theorem 1, 2;(2 < i < 4), 4, (b—b), and
(¢—c) are uniformly bounded and exponentially converge to a
small ball. By calculation, it can be proved that ¢;(2 < i < 4)
and (v; —v}) are uniformly bounded and converge to a small
ball. ]

B. Discussions

If |¢2(0)] < R, in order to make g; € (—R,R) all the
time, zo = h(gz) is introduced in Step 1. With the condition
imposed on h(q2), if 22 is bounded, ¢2 € (—R, R). Therefore,
the definition of point Q is unique and d is well defined in
the control. If R < oo, one choice of h(gz) is

2R Tq2
h(g2) = - tan 2R).

Specially, if curv(s) = 0, one can choose h(g2) = g¢o. If
lg3(0)| < 7/2 and |¢4(0)| < /2, the proposed controller will
make |g3| < 7/2 and |g4| < 7/2 all the time. If |g2(0)| > R
or |g3(0)] = 7/2 or |q4(0)] = w/2, one can first use an
open-loop control law to make the robot move into the region
that the proposed controller can be applied, then apply the
proposed controller.

Unknown parameters b(= 1/[) and ¢(= 1/r) are updated
by the adaptive laws (10) and (14), respectively. They guar-
antee that b € [b;,b,] and € € [cr, ¢y].

The control parameters are k;(2 <1i < 4), K, v(1 <i <
2), 01, 92, bo, and ¢g. Large values of k;(2 <4 < 4) and K,
make ¢;(2 < ¢ < 4) and (v; — v}) converge quickly to the
small ball. Small values of 7{161(1 < ¢ < 2) and §; make
the radius of the ball small. Parameters by and also affect the
radius of the small ball. If by and ¢¢ are close to b and c,
respectively, the tracking error will be small. Therefore, in
order to make ¢;(2 < i < 4) and (v; — v}) converge quickly
to the origin, one can make k;(1 < i <4), K, v;(1 <1i <2)
large and 41 small.

V. SIMULATION

In order to verify the validity of the proposed controller,
Simulations were done with MATLAB. We assume the mobile
robot has the following real parameters: m =1, I =1, =
1.3, » = 0.4 where m is the mass of the robot, I is the
inertia moment around point P. In the simulation, m, I, [ and
r are not known. However, we know [,,,;,, = 0.8, l,,ax = 1.4,

Tmin = 0.2 and 7,4, = 0.6. During the control, the given
path is assume to be a circle with radius 5m and v; = 3m/s.
The initial conditions ¢(0) = [0, 1,—0.7328, —0.041]7 and
v(0) = [0,0]7. With the proposed control law, we choose
the control parameters as follows. k1 = 1, ks = 1, kg = 1,
]f4 = 1, kp = dzag[l, 1], 51 = 01, 52 = 01, Y1 = 1, Y2 = 1,
by = 0.91, co = 2, b(0) = 0.91 and ¢(0) = 2. Figs. 2, 3
and 4 show the responses of d, 6 and (v; — v}). From the
results, it is shown that d, § and (v; —v}) converge to a small
ball containing the origin. Figs. 5 and 6 show the responses
of b and ¢. It is shown that they are bounded. Especially, b
and ¢ do not go through zero. Fig. 7 show the desired path
and the real path in X-Y plane. The control inputs calculated
from the control law are bounded and not large. They can be
realized by typical mobile actuators. These simulation results
show that the proposed controller is effective.

VI. CONCLUSION

In this paper, the tracking control of a nonholonomic
wheeled robot with parameter uncertainty and non-parameter
uncertainty was considered. A robust adaptive controller was
proposed with the aid of adaptive backstepping and robust
control techniques. Simulation results demonstrated the ef-
fectiveness of the proposed controllers.
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